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SYNOPSIS 
An experimental and analytical investigation is carried Out into 
the behaviour and ultimate strength of unbonded prestressed concrete 
beams under combined bending and torsion. 	A total of 31 eccentrically 
and uniformly prestressed and plain concrete beams were tested under 
various ratios of bending moment to twisting moment from pure bending 
to pure torsion. 	The tests were carried Out in a specially designed 
rig. 	The design of the loading system was such that it was possible 
to increase bending and twisting moments simultaneously in a predeter-
mined ratio. 
In the experimental investigation two main modes of failure were 
observed i.e. a bending mode (for beams under high ratios of bending 
moment to twisting moment) and a torsion mode (for beams under low ratios 
of bending moment to twisting moment). 	It was also observed that the 
position of the compression hinge does not necessarily define the mode 
of failure. 
Using Cowan's criterion of failure and employing the equations of 
equilibrium of moments and forces and compatibility of strains a theory 
is developed for predicting the ultimate strength of uniformly and 
eccentrically prestressed concrete beams with and without stirrups 
failing in a bending mode. The theory takes into account the effect 
of dowel forces on the ultimate strength of the beam. 
Expressions are also derived for predicting the ultimate strength 
of prestressed concrete beams with and without stirrups failing in a 
torsion mode. 
X 
The theory developed for predicting the ultimate strength of 
prestressed concrete solid beams is further modified and extended for 
predicting the ultimate strength of prestressed concrete hollow beams. 
In order to substantiate the validity of the proposed theory the 
experimental results of the author and five other investigators (a 
total of 104 tests) are compared with the theoretical results. 	The 
comparison of results is satisfactory. 
Finally a method is proposed for the balanced design of prestressed 
concrete beams under combined bending and torsion. 
XI 
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A 	 area of section; 
Alb cross-sectional area of bottom layer of mild steel bars; 
Alt cross-sectional area of top layer of mild steel bars; 
Apb cross-sectional area of bottom layer of prestressing wires; 
Apm cross-sectional area of middle layer of prestressing wires; 
At cross-sectional area of top layer of prestressing wires; 
area of one leg of tie; 
a 5 cross-sectional area of one bar or wire in spiral cage; 
b width of beam; 
b' 	 width of tie; 
bc 	width of core in hollow beams; 
C 	 resultant of compressive forces in concrete prependicular 
to compression fulcrum; 
d 	 depth of beam; 
d1 	 distance to lower layer of longitudinal steel from top of 
section; 
d2 	 distance to top layer of longitudinal steel from top of 
section; 
d3 	distance to middle layer of longitudinal reinforcement from 
top of section; 
d' 	 depth of tie; 
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d C 	 depth of core in hollow beams; 
d 5 	distance to the centre of bottom leg of stirrup from bottom 
of section; 
E modulus of elasticity for concrete; C 
modulus of elasticity for top prestressing wires; 
modulus of elasticity for longitudinal mild steel bars; 
E 5 modulus of elasticity for bottom prestressing wires; 
F bond slip factor for steel in tensile zone; 
F0 	 bond slip factor for steel in compression zone; 
F1 	 resultant of forces in bottom reinforcement perpendicular 
to compression fulcrum; 
F2 	 resultant of forces in top reinforcement perpendicular to 
compression fulcrum; 
F3 	 resultant of forces in bottom leg of ties perpendicular 
to compression fulcrum; 
F c 	crushing strength of concrete cubes; 
f 	 maximum compressive stress in the longitudinal direction; 
Ave 	average stress in concrete due to prestressing force; 
cr 	critical normal compressive stress; 
ff 	 maximum compressive stress in concrete due to loading normal 
to skew failure plane; 
cylinder crushing strength of concrete; 
XIV 
yield stress of longitudinal reinforcement; 
lb stress in bottom mild steel bars; 
yield stress of bottom longitudinal mild steel bars; 
f it 	stress in top mild steel bars; 
net stress in longitudinal direction due to prestress and 
fl exure; 
prestress in prestressing wires for uniformly prestressed 
beams; 
f Pi 	
prestress in bottom prestressing wires; 
f P2 	
prestress in middle prestressing wires; 
stress in bottom prestressing wires; 
0.2% proof stress of bottom prestressing wires; 
pm 	stress in middle layer of prestressing wires; 
pmy 	0.2% proof stress of middle prestressing wires; 
pr 	normal stress due to effective prestress in uniformly 
prestressed concrete beam; 
prb 	stress at bottom of beam due to prestressing force; 
f prm 	stress in concrete at centre of longer side due to pre- 
stressing force; 
'prt 	stress in concrete at top of beam due to prestressing force; 
f 
Pt 	
stress in top prestressing wires; 
principal tensile stress; 
xv 
f Pty 	0.2% proof stress of top prestressing wires; 
modulus of rupture of concrete; 
yield stress of ties; 
tensile strength of concrete; 
H 	 lateral forces perpendicular to bottom longitudinal 
reinforcement; 
b 
coefficients of elastic torsion; 





K2 	 coefficient of elastic torsion for core of hollow section; 
11 	 shear stress distribution constant for concrete on skew 
failure plane; 
Mb 	ultimate bending moment of prestressed concrete beam; 
Mbo 	 ultimate bending moment of prestressed concrete beam in 
pure bending; 
MbC 	cracking bending moment of prestressed concrete beam; 
Mbp 	ultimate bending moment of plain concrete beam; 
Mbr 	ultimate bending moment of reinforced concrete beam; 
Mbro 	ultimate bending moment of reinforced concrete beam in pure 
bending; 




	ultimate twisting moment of prestressed concrete beam in 
pure torsion; 
cracking twisting moment of prestressed concrete beam; 
Mt ultimate twisting moment of plain concrete beam; 
Mtr ultimate twisting moment of reinforced concrete beam; 
M tro 	ultimate twisting moment of reinforced concrete beam in 
pure torsion; 
M ts 	torsional resistance of the ties; 
Mts i 	torsional resistance of the ties and longitudinal steel; 
n 	 depth of neutral-axis; 
p 	 perimeter of section; 
P S 	 total percentage of steel; 
s 	 stirrup spacing; 
T 	 resultant of tensile forces in concrete perpendicular to 
compression fulcrum; 
t 	 wall-thickness of hollow beam; 
V 	 total shear force; 
Vcb 	shear strength based on diagonal cracking in combined shear 
and bending; 
shearing force of prestressed concrete beam at ultimate 
capacity under simultaneous action of torque and moment; 
V 0 	shear carried by the prestressed concrete at ultimate 
capacity in the absence of torque; 
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XI and Yi 	smaller and larger dimensions of spiral cage; 
z 	 modulus of section; 
angle of inclination of crack; 
"depth to resultant of compressive forces" 
coefficient for concrete in compression zone; 
"depth to resultant of tensile forces" 
coefficient for concrete in tensile zone; 
y 	 angle of inclination of compression fulcrum; 
ri 	 "depth to resultant of shear forces" 
coefficient for concrete in compression zone; 
ratio of bending to torsion; 
shear stress; 
T 	 apparent shear stress; 
max 	maximum shear stress; 
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E 	 longitudinal compressive strain at the top of beam at failure; 
ultimate compressive strain in concrete; 
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The first investigation 1 into the behaviour and ultimate strength 
of concrete members subjected to pure torsion was carried out as early 
as the turn of this century. However, not all aspects of the problem 
of torsion have yet received enough attention. 	This is partly because 
torsion is generally a secondary effect in most types of structure and 
partly due to the complex nature of the problem. 	But in the design of 
members such as a spandrel beam supporting a cantilevered balcony, space 
frams, interconnected girders, spiral stairways, or skewed arch, torsion 
is a factor that can not be neglected. 	Because of an ever increasing 
demand for the design of these types of structure and the virtual lack 
of any provision for torsion in most codes of practice, over thE l a st 
15 years a large number of investigations have been carried out into the 
behaviour and ultimate strength of concrete members subjected to pure 
torsion or torsion combined with bending. 	However, the majority of 
these investigations deal with reinforced concrete members and compari-
tively few are concerned with prestressed concrete members, and in 
particular for prestressed concrete members containing transverse rein-
forcement. 
From what has been said above and also from a consideration of the 
review of previous studies in Chapter 2, it appears that there is a gap 
in our knowledge about the behaviour and ultimate strength of prestressed 
concrete members under combined bending and torsion. 	So there is a need 
for further investigation in this field which is the subject of this study 
2 
1.1 	OBJECTIVES AND SCOPE OF THE PRESENT INVESTIGATION 
The present investigation is concerned with cracking and ultimate 
moments of uniformly and eccentrically prestressed concrete beams under 
combined loading. The main objectives of this study are: 
To study the behaviour and ultimate strength of uniformly prestressed 
concrete beams under combined loading. 
To study the behaviour and ultimate strength of eccentrically pre-
stressed concrete beams under combined bending and torsion. 
To study the effect of transverse reinforcement on the ultimate 
strength of prestressed concrete beams under pure torsion. 
To develop a rational theory for predicting the cracking and ultimate 
moments of uniformly and eccentrically prestressed concrete beams 
with and without stirrups. 
To develop a method for balanced design of prestressed concrete 
beams under combined bending and torsion. 
In order to achieve the above objectives the investigation was 
divided into two parts: 	1. experimental; and 2. theoretical. 
In the experimental part of the study four groups of prestressed 
concrete beams with and without transverse reinforcement were tested 
under various ratios of bending moment to twisting moment from pure 
torsion to pure bending. 	Three series of these beams were uniformly 
prestressed and one series was eccentrically prestressed. 	The only 
difference between different series of uniformly prestressed beams was 
either in the stirrup spacing or in the amount of prestress. 	One 
series of plain concrete beams was also tested under various ratios of 
bending moment to twisting moment for comparison with prestressed beams. 
3 
The theoretical part of the study consists of three sections. 
ITI the first section by using Cowan's criterion of failure and employ-
ing equations of equilibrium of forces and moments and strain compati-
bility a theory is developed for predicting the ultimate strength of 
uniformly and eccentrically prestressed beams without stirrups under 
high ratios. 	By a similar approach a theory is also developed for 
beams under low ratios, but in this case it is assumed that strains 
in the prestressing wires induced by bending are small and can be 
neglected (Chapter 5). 	In the second and third sections of the theore- 
tical part expressions are derived for predicting the ultimate strength 
of uniformly and eccentrically prestressed concrete beams with stirrups 
and hollow prestressed concrete beams under combined bending and torsion 
(Chapters 6 and 7). 
Finally in Cht 	2 h, 	 the 	" 	 - 
- - I 	 5 	 L L1LJI 	 Q 
and 7 a method for the design of balanced prestressed concrete beams (in 
a baIced beam both steel and concrete reach their ultimate strength 
simultaneously at failure) is developed. 
4 
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REVIEW OF PREVIOUS STUDIES ON TORSION, TORSION COMBINED WITH BENDING, 
AND TORSION COMBINED WITH BENDING AND SHEAR OF CONCRETE MEMBERS 
21 	INTRODUCTION 
The aim of this Chapter is to review the relevant available theore-
tical and experimental information on plain concrete, reinforced concrete, 
and prestressed concrete members under combined loading. 	In order to 
develop a better understanding of the present torsion theories, the 
assumptions and limitations of each theory is presented and discussed 
wherever necessary. 	Torsion theories are classified into three cate- 
gories according to the manner of loading: 	(1) pure torsion; (2) torsion 
combined with heMing 	n 	) 	o 	with nn ad(3 bcdigand  shear. 
Each of these three categories is further divided into three groups 
according to the method of reinforc ing: (a) plain concrete; (b) rein- 
forced concrete; and (c) prestressed concrete members. 	In order to 
follow the progress of research, a summary of these theoretical and 
experimental studies is reported in chronological sequence. 
2.2. 	PURE TORSION 
2.2.1. 	Plain Concrete 
M6rsch 1 was the first investigator to report tests on plain concrete 
beams under pure torsion. 	He carried out tests on 3 circular plain 
concrete specimens and observed that failure occurs with a forty-five 
degree crack due to diagonal tension. 
5 
In 1934 Turner and Davies 2 proposed an expression for the stress 
and strain in concrete in tension and applied this to a circular speci-
men in torsion. 	Assuming that strain is proportional to radius, an 
expression was derived for the ultimate torque of circular plain concrete 
beams. 	It was concluded that the apparent ultimate shear stress deduced 
from the elastic formula is 1.2 times greater than the true value. 	The 
factor 1.2 and factor 	suggested by the study of Griffiths 
and Taylor, were incorporated in the elastic torsion formulae to find a 
formula for the ultimate torque of rectangular plain concrete beams. 
Results of tests carried out by Marshall and Tembe 3 on circular 
plain concrete beams under pure torsion showed that: (1) the behaviour 
of the beams is elastic to within 80% of the failing load after which 
plasticity comes into play; and (2) both ultimate torsional stress and 
modulus of rigidity increase with age. 	Twelve rectangular plain concrete 
sections were also tested under pure torsion. 	The tests showed that 
concrete is apparently much stronger in torsion when in a rectangular 
cross section, the increase of the strength over that of a circular 
section varying from 50% to 80%. 
In 1966 Hsu verified by the use of high speed photography that the 
failure of a plain concrete beam under pure torsion is of a bending type. 
Based on this bending mechanism of torsional failure, he established an 
equation for ultimate torsional strength, 
M 	= 	(0.8Sf ) tp 3 r 
The factor 0.85 was introduced in the above equation to take into account 
the reduction in the modulus of rupture due to diagonal compressive stress 
in the beam. 
N. 
From the results of tests on plain concrete beams under pure torsion 
of a number of investigators (prior to 1966) Kemp 5 found that if the 
tensile strength of the concrete is assumed to be that measured by the 
split cylinder test, good correlation between experimental and theoretical 
ultimate twisting moments can be obtained using the plastic theory. 
The relationship between the tensile and compressive strengths was taken 
as 5.5vrf_ 1 for the average and 4vT' as a safe limiting value. 
In 1971 Martin 6 developed a theory using the "skew" failure plane 
approach. 	The ultimate strength equation derived in this way is similar 
to that of Hsu, except that instead of a reduction factor of 0.85, 
another reduction factor is introduced which depends on the shape of the 
cross section. 	This factor is found by assuming that the failure plane 
is distorted and approximates to a trapezium (Hsu assumed that the failure 
plane was a rectangle). 
2.2.2 	Reinforced Concrete 
Davies and Turner 2 carried out a number of tests on reinforced 
concrete beams under pure torsion. 	Series (1) tests showed that about 
1 per cent of the longitudinal reinforcement increases the ultimate 
torque by about S per cent. 	Other percentages would produce propor- 
tional increases. 	Linear proportionality, however, does not occur at 
higher percentages than 1.5 to 2. 	Series (2) tests showed that lateral 
reinforcement is more efficient than longitudinal reinforcement. The 
combined effect of longitudinal and lateral reinforcement as shown in 
series (3), was most marked, proving that each is complementary to the 
other. Series (4) proved that circular spiral reinforcement is by far 
the most efficient. 	Based on experimental results the following empirical 
7 
ultimate strength equation was proposed: 
Mtr = 1tp (1+0.25 p 5 ) 
In 1941 Tembe and Marshall 3 reported tests on a series of reinforced 
concrete beams with and without stirrups under pure torsion. 	The test 
results agree reasonably well with Turner and Davies's formula for rein- 
forcement percentages up to 1.5. 	In cases where the percentage is 
greater than 1.5 they suggested the following empirical formula which 
agrees well with the experimental results: 
1tr = Mt (1.33+0.1  P S ) 
The test results also showed that the relative value of the reinforcement 
decreases as its amount increases. 
For the theoretical solution for the ultimate strength of reinforced 
concrete beams under pure torsion, Rausch 7 assumed that the stress in the 
i-eiiifurcement varied with the distance from the centre of the section. 
This implies that the steel stress is a maximum at the corners and a 
minimum at the middle of the longer sides, the reverse being the case. 
Anderson 8 assumed parabolic stress distribution, which correctly gives 
the maximum stress at the middle and zero stress at the corners; he 
obtained a result which is about 27 per cent too low. 
A more accurate solution was obtained by Cowan 9 by equating the 
strain-energy stored in the spiral and in the concrete in diagonal 
compression to the work done by the twisting moment in rotating the 
beam. 	This gives the following area for the spiral reinforcement in 
rectangular beams: 
v'M 	.s tsl 
a  
S 	4Afx l y 1 
y' 
where A is a function of the ratio -. 
xl 
In the beams with vertical closed hoops and longitudinal bars, the 
diagonal forces due to torsion are resisted by the components of the 
tensile forces in the hoops and the longitudinal steel in the direction 
of the diagonal tension, while the diagonal compression forces are 
resisted by the concrete. 	Consequently the torsional moment resisted 
by the reinforcement is given by: 
2A Af b'd' 
S S 
1tsl = 	S 
in order to find the ultimate twisting moment Cowan then assumed that 
the torsional resistance of the beam is equal to the sum of the torsional 
resistances of the concrete and reinforcement. 	(Rausch and Anderson 
employed the same assumption for deriving the ultimate twisting moment 
equation of the beam). 
In 1968 Hsu 10 reported tests on fifty-three reinforced concrete 
beams with longitudinal bars and closed stirrups subjected to pure 
torsion. 	The following conclusion can be drawn from his investigation: 
(1) the behaviour of a reinforced concrete beam subjected to torsion 
is very different before and after cracking. 	The cracking torque is 
(1+0.04p) times the failure torque of the corresponding plain concrete 
beam. 	(2) before cracking, the behaviour of a reinforced concrete 
beam is identical to its corresponding plain concrete beam with no effect 
from the reinforcement. 	Using the theory of thin walled tubes Collins" 
developed a method for estimating the cracking torque and the twist at 
cracking of reinforced concrete beams. 	By examining the equilibrium 
of the cracked beam he obtained relationships between the applied torque, 
the stress in the diagonals, the stress in the hoops and the stress in 
the longitudinal steel. 	The theory presented enables the complete pure 
torsional response of a reinforced concrete beam to be predicted. 
2.2.3 	Prestressed Concrete 
Humphrey's 12 investigation of concentrically prestressed beams 
involved tests on a total of 94 beams including specimens of five 
different cross-sectional sizes, involving four ratios of length: breath. 
The test results indicated that the torsional strength of suitably 
prestressed concrete may be increased above the strength of plain concrete 
in the ratio 2.5:1 without changing other physical properties in the 
concrete. 	In all cases the concrete behaved in the manner expected of 
a viscoelastic material. 
In 1961 Zia 13 reported on the results of torsional tests on 68 
prestressed and plain concrete members consisting of rectangular, T 
and I sections. 	Some of these members also contained a nominal amount 
of web reinforcement. 
Cowan's theory of failure was modified, (the proposed theory is a 
close approximation of Mohr's generalized internal friction theory). 
The Modified Cowan's theory compares favourably with the test data (for 
the rectangular and T-section) for the lower compression range. 	For 
the I-sections, the test results exceed considerably the predicted 
strength. 
In 1968 Hsu 14 ' 15 reported that torsional failure of uniformly 
prestressed concrete beams is also due to bending and the failure 
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criterion used for nonprestressed beams can be applied. 	The equation 
for ultimate torsional resistance is given by the expression. 
/ 	f 
pr Mt = 	/1 + 10 
/ 
The prestress factor, y = /1 + 10 .L , established by the bending 
mechanism, is identical to that derived from the classical maximum 
tensile stress criterion of failure. The prestress factor applies 
£ 
only up to 	values of about 0.7. 
2.3 	TORSION COMBINED WITH BENDING 
2.3.1 	Plain Concrete 
The case of plain concrete subject to combined torsion and bending 
has little practical significance. 	Thus, the problem has only been 
considered by few investigators. 	Assuming that failure of concrete is 
determined by the criterion of a constant maximum tensile stress, Cowan 16 
developed an interaction equation at ultimate strength for the rectangular 
section as 
M 	2 	 M 
) + 4.23 -(l - 	
tp 	_E 
M =1 tpo 	 tpo tp 
where Mt0 ultimate torque in pure torsion according to the plastic 
theory.  
2.3.2 	Reinforced Concrete 
The first theoretical solution for reinforced concrete in combined 
torsion and bending was presented by Nylander 17 in 1945. 	The theory 
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was developed for members without web reinforcement since torsion was 
regarded only as a secondary effect. 	Cowan 16 developed a theory for 
the reinforced rectangular section. 	This theory is based on the dual 
criterion of failure, a combination of the maximum stress theory and 
the internal friction theory. 	If bending is predominant, failure is 
controlled by the internal friction theory and the flexural stress is 
then determined on the basis of a cracked section. 	If torsion is 
predominant, failure is governed by the maximum stress theory with the 
bending stress determined on the basis of a transformed uncracked 
section. 	The limitation of Cowan's theory is that it only deals with 
the viscoelastic limit, i.e. the limit above which large-scale cracking 
occurs. 	However, in practice the actual ultimate strength often exceeds 
the viscoelastic limits substantially. 
In 1955 Cowan 18  further extended his theory to encased steel beams. 
The moment corresponding to primary bending failure at the viscoelastic 
limit is obtained by replacing the portions of the steel joist above and 
below the neutral axis by corresponding areas of tension and compression 
reinforcement. 	The moment corresponding to primary torsion failure is 
computed from the maximum stress theory this is based on the theoretical 
value for the strength in pure torsion, obtained from the reinforced 
concrete theory by replacing the steel joist by four longitudinal bars 
at the centroid of each quarter of the joist. 
Based on the limit equilibrium method Gvozdev and Lessig 19 derived 
the equations defining the load-carrying capacity of reinforced concrete 
beams under combined bending and torsion. 	An idealized collapse mechanism 
was formulated based on the development of "spiral ,, cracks along three 
sides of a rectangular beam, followed by yielding of the steel, and by 
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rotation of two adjacent segments of the beam with respect to each other, 
forming a plastic hinge. 	The theoretical propositions proposed were 
checked experimentally by testing 55 rectangular reinforced concrete 
beams. 
Goode and Helmy20 carried out tests on 27 transversely and longi-
tudinally reinforced rectangular beams in combined bending and torsion. 
Two of the series of tests contained transverse reinforcement in the 
foim of closed ties crossed at 45 0 to the axis of the beam, to compare 
the efficiency of this method of reinforcement with the more conventional 
vertical tie. 	The tests showed that the only differences in the behaviour 
of the beams with inclined ties to those with vertical ties were that the 
inclination of the cracks was consistently at an angle of 45 ° and that 
they formed at the positions of the stirrups. 
A method for obtaining the ultimate resistance moments of a rectan- 
gular beam was proposed. 	This method is based on a consideration of the 
failure surface first proposed by Lessig. 	The assumption that all rein- 
forcement crossing the failure surface yields, which had been made by 
previous investigators, was not made by Goode and Helmy since their tests 
showed that this assumption was not always valid. 
Gesund et a1 21 ' 22 developed a theory for predicting the ultimate 
resistance of rectangular reinforced concrete beams with both longitudinal 
and transverse reinforcement. 	Two different types of failure are distin- 
guished. 	These are failure in which bending predominates and failure in 
which torsion predominates. 	In setting up analytical expressions, it 
is assumed that the intersections of the failure surface with the sides 
of the beam and with the vertical planes containing the sides of the 
ties can be replaced by straight lines making a 45 ° angle with the beam 
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axis, and that its intersections with the bottom of the beams and with 
the horizontal planes containing the bottom steel and the bottoms of 
the ties can be replaced by straight lines making an angle e with the 
beam axis. 	Based on experimental data, the value of e is taken as 900 
M 	 M 
if is less than 0.25, or as 63.5 0 if 	is equal or greater than 
b 	 b M 
0.25. For torsional failure, which occurs for large values of 	or 
b 
when there is little or no transverse reinforcement, the torsional 
resistance is derived from the dowel action of the longitudinal steel 
combined with the dowel effect of ties or from the torque produced by 
the axial force in the ties, whichever is the greater. 	For bending 
failure, it is assumed that the ultimate bending moment of the beam 
under combined loading is equal to the ultimate bending moment of the 
beam under pure bending minus the additional bending moment caused in 
the beam by the torque. 
-the 
If the angle of inclination ofncompression fulcrum is assumed to 
be 45 0 , Evans and Sarkar 23 have shown that the ultimate bending moment 
of hollow rectangular beams can be expressed by the following expression: 
M(!) = [flAlb(d1 	) + f A b' 
cotc 
 (d -ds 	S 
- £ A - (bcota+dl"-b)] 
sss 
where 
d" = (d-d)(0.6 cota + 0.4) 
d 111 = d (0.6 cota + 0.4) 
An equation for the angle of inclination of crack a is also derived. 
According to this equation angle a depends on the bending to torsion 
ratio (not constant as assumed by Gesund) 
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Based on the assumptions that the concrete behaves visco-elastically 
in bending and plastically in torsion Fairbairn 2 " derived three simple 
expressions for the angle of crack. 	These expressions are then used in 
ultimate strength equations which are similar to those of Sarkar. 
Collins, Walsh et a1 25 proposed a theory for the analysis of rectan-
gular reinforced concrete beams subjected to combined torsion and bending. 
It is assumed that both the longitudinal and the transverse steel yield at 
failure. 	Hence, for very heavily reinforced beams, in which there is a 
possibility of compression failure in concrete, the theory is not valid. 
The theory predicts that, for beams in which the area of tension steel 
exceeds that of the compression steel, the torsional capacity is increased 
in the presence of flexure up to some optimum value. 	On the other hand, 
for beams with equal tension and compression steel, bending causes a 
decrease in the torsional capacity. 
Using the failure criterion for concrete under compressive-tensile 
stresses developed by Krishnaswamy, Iyengar and Rangan 26 derived equations 
to predict the strength of beams. 	The analysis considers the interaction 
between bending and twisting moments. 	Approximate expressions are also 
given for predicting the deformations of the beams. 	Pandit and Warwaruk27 
carried out an analytical and experimental investigation into the behaviour 
and strength of rectangular reinforced concrete beams under combined bending 
and torsion. 	According to them, the torsional strength of a reinforced 
concrete section consists of the contributions to the strength of both 
steel and concrete. 	The contribution of the concrete to the torsional 
strength, is the sum of the contributions of the concrete compressed by 
bending and that of the noncompressed concrete. 	The contribution of the 
steel to the torsional strength is the sum of the contributions of the 
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transverse and longitudinal reinforcement. 	However, it has been pointed 
Out that, since twisting moment produces a state of pure shear giving 
rise to diagonal tension at 450  to the axis of the beam, it is necessary 
to have steel in both longitudinal and transverse directions to resist 
the components of diagonal tension in these directions. 	If there is no 
steel in either of the two directions, the contribution of the steel to 
the torsional strength will be zero. 
2.3.3 	Prestressed Concrete 
In 1960 Gardner28 reported tests on 16 prestressed concrete I-beams 
under combined bending and torsion. 	The results indicated that the 
applied bending moment produced no significant change in the ultimate 
torsional moment. 	All the beams in which no tensile stresses were 
produced by bending apparently behaved in exactly the same manner within 
the elastic range and became plastic at the same load. 	The other beams 
became plastic at a lower load. 
From the results of tests on full scale prestressed concrete I-shaped 
beams, carried out by Gersch and Moore, 23 the following conclusions can be 
drawn: 
A prestressed concrete I-beam subjected to pure torsion, like 
plain concrete, will fail when the ultimate tensile stress of 
the concrete is reached. 
Prestressed concrete I-beams with stirrups under pure torsion 
fail with the explosive type of failure that is characteristic 
of nonreinforced prestressed concrete. 
Tests on three series of plain prestressed concrete Tee beams under 
combined loading were reported by Reeves 30 in 162. 	The only difference 
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between the beams of each series was the width of the flange. 
The results show that, unlike symmetrical sections, the torsional 
strength of Tee beams is materially affected by the magnitude of the 
applied bending moment. 	For applied bending moments up to approxi- 
mately the cracking bending moment the torsional strengths of the sections 
increase, the amount of the increase depending on the proportions of the 
section. 	The strength of the sections does not drop below the pure 
torsional strength until the applied bending moment is greater than 80% 
of the ultimate bending moment. 	Twisting moment-rotation curves 
indicate that, in general, the rotational capacity of Tee beams is 
increased with increase in the applied bending moment. 
Assuming that failure of a uniformly prestressed concrete beam under 
combined loading is determined by Cowan's criterion of failure, Okada et 
a1 31 derived the following expression for ultimate twisting moment of a 
prestressed concrete beam under combined bending and torsion 
Mt Mt0 	_Mb/ 1bo 
Khalil and Evans 32 ' 33 carried Out tests on 38 rectangular prestressed 
concrete beams with and without web reinforcement. 	From the experimental 
results, the beams are divided into three groups depending on the magnitude 
of the bending moment at failure: (1) beams failing under bending moments 
less than the cracking moment in pure flexure; (2) beams failing under 
bending moments between the cracking and 80 per cent of the pure bending 
moment; and (3) beams failing under bending moments exceeding 80 per cent 
of the pure bending moment. 	The ultimate strength of the first group of 
beams is found using the elastic theory of torsion. 	The ultimate twisting 
moment equations of the second and third groups of beams O:'C derived by 
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making the following main assumptions: (1) after cracking, the twisting 
moment is only resisted by the compressed concrete due to flexure; (2) 
torsion has no significant effect on the depth of the compressed concrete 
due to flexure; (3) the depth of the compressed concrete is determined 
from the equations of equilibrium of the forces and moments in the longi-
tudinal direction of the beam; (4) the flexure compression is assumed 
to be uniform over the compressed concrete area and the torsional shear 
stresses in the compressed concrete are determined according to Cowan's 
theory of failure for concrete under combined stresses. 
In 1970 Lampert 34  extended the truss analogy method, first developed 
by Rausch for pure torsion, to combined bending and torsion. 	It is shown 
that, with respect to ultimate strength, prestressed members can be 
treated as non-prestressed members with an equivalent amount of normal 
reinforcement. 	Design equations for torsion-bending are based on a 
4 ° tiuss. 	This truss model consists of longitudinal reinforcement 
which is considered to be concentrated into stringers at the corners, 
and intermediate shear walls. 	In these shear walls stirrups act as 
posts and the concrete provides the compression diagonals between the 
cracks. 	It must be pointed out that for beams which fail by crushing 
of the concrete compression zone or crushing of the concrete compression 
diagonals the theory is not valid. 
Wainwright and Martin 35 ' 36 carried out an analytical and experimental 
investigation into the behaviour and strength of prestressed rectangular 
beams reinforced with longitudinal steel only. 	Theoretical solutions for 
all three observed modes of failure were proposed. 	For mode 1 type of 
failure a dowel force is assumed to exist in a member where the longitu-
dinal steel is restrained from lateral movement in the duct. 	For mode 2 
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type of failure, it is assumed that failure occurs on a skew failure 
plane when the tensile stress at the midpoint of the larger side 
reaches the modulus of rupture value. 	The proposed theory for mode 3 
type of failure is based on the equilibrium of forces about a skew axis 
of bending, and assumes that failure occurs when the tensile stress at 
the top of the beam reaches the modulus of rupture of the concrete. 
In 1973 Ganga Rao and Zia 37 reported tests on a series of rectangular 
bonded prestressed concrete beams under combined loading. 	From their 
experimental results the following main conclusions can be drawn: 
Cracking strength and inclination of the initial cracks are 
significantly influenced by the magnitude and eccentricity of 
prestress as well as bending to torque ratio. 
For prestressed beams supplemented with longitudinal steel of 
about 1%, the non dimensional interaction curve can be conser-
vatively taken as a square. 	For beams without longitudinal 
steel, the interaction curve is circular. 
A theory was developed for bonded prestressed concrete rectangular 
beams under combined bending and torsion by Rangan and Hall 38 . 	The 
theoretical analysis is similar to the one proposed by Collins et al 
for reinforced concrete beams. 	In deriving the ultimate strength 
equation it is assumed that all steel yields at failure. 	For shear- 
compression mode of failure an empirical equation is developed. 	The 
theory in general underestimates the strength of the beams considerably. 
According to Woodhead and McMullen 39 , any concrete beam that is 
subjected to combined loading can fail in either the torsion mode or 
the bending mode. 	For the bending mode it is assumed that the compression 
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zone is rectangular, triangular, or trapezoidal in shape with the neutral 
axis intersecting one of the vertical faces of the beam at angle, 
Mb 
= tan -1 (fl—). 	Based on the above assumption and using strain compati- 
bility, expressions for the ultimate strength of prestressed concrete 
beams for the bending mode failure are derived. 	The analysis for the 
torsion mode failure of a beam with stirrups is similar to that proposed 
by Lessig except that two types of beams are defined, i.e, completely 
underreinforced beams, and beams that are under'reinforced transversely 
but not longitudinally. 
Most of the theories discussed so far can only be used for under-
reinforced beams. 	More recently, in 1975 a theory was developed by 
Below et a1 0 ' 1 ' 2 which applies both to reinforced concrete and pre- 
stressed concrete beams in combined bending and torsion. 	It predicts 
all steel strains at all levels of loading up to failure and applies to 
overreinforced as well underreinforccd bcams. 	The traditional skew- 
bending  surface is modified, by assuming that the concrete compression 
zone, at an angle, y, to the right cross section, does not extend 
laterally beyond the stirrups. 	It is also assumed that the ultimate 
strength of the beam in any particular mode of behaviour is reached when 
the ultimate concrete strain measured normal to the skewed compression 
zone reaches a value equal to 0.002 based on the above assumptions and 
employing two equilibrium equations and two compatibility equations and 
an equation defining the skew-surface, the ultimate strength equations 
of a beam under combined bending and torsion are derived. 	The agreement 
between theoretical and test results is very good for reinforced concrete 
beams. 	In the case of prestressed concrete beams, the theory is some- 
what overconservatjve. 
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2.4 	TORSION COMBINED WITH BENDING AND SHEAR 
2.4.1 	Reinforced Concrete 
In 1968 Hsu 43  proposed nondimensional interaction surfaces for 
analysing reinforced concrete beams without stirrups subjected to 
combined bending, torsion, and shear. 	The interaction surface is 
described by a series of curves between bending-torsion and bending-shear, 
boundary interaction curves and is given by 
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Experimental results of tests on reinforced concrete T-beams under 
combined bending, torsion, and shear by Barton and Kirk 44  showed that 
the addition of a transverse shear force had little or no effect on the 
ultimate capacity of the T-beams where the range of the transverse shear 
force at ultimate was 15% to 35% of the shear capacity in the absence of 
torsion. 	Neglecting the effect of transverse shear and assuming that 
the concrete is not effective in carrying torsion after cracking, a 
method for predicting the ultimate torsion moment of 1-beams under 
combined loading is developed. 
In 1974 Elfren et a1 5 developed a method for evaluating the ultimate 
strength of rectangular underreinforced beams with closed stirrups 
subjected to bending, torsion and shear. 	Several simplifications are 
made in order to facilitate the derivations. 	The main ones are: (1) 
the centre of the compression zone can be located approximately to the 
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level of the stirrups in the top of the beam; (2) the distance from the 
stirrups in the bottom of the beam to the neutral axis can be approxi-
mated to the vertical distance between the stirrups legs; (3) shear 
forces carried by dowel action of the reinforcement are neglected as well 
as shear forces carried by the concrete compression zone. 	Based on the 
above assumptions, and the equations of equilibrium of the external and 
internal forces for inclined failure surfaces, the interaction surfaces 
for all three modes of failure are established. 	For the cases in which 
the compression zone forms in the top or bottom of the beam, the torsion-
bending and the shear-bending interaction are governed by second degree 
parabolas, whereas the torsion-shear interaction is governed by an 
ellipses 
2.4.2 	Prestressed Concrete 
From the results of his experimental investigation on 24 rectangular, 
I, and T prestressed concrete beams with stirrups under combined loading, 
Bishara 6 proposed the following empirical interaction curves for bending-




0) 1.0 + g (-) - (g+1.  
to bo 	 bo 
M 	 v 	 v 2 
U = 1.0 + g (_) - (g+l.0) 
to 	 Uo 	 uo 
where g is a constant equal to 2.3, 6.46, and 4.0 for the rectangular, 
I, and T-beams, respectively. 
Mukherjee and Warwaruk 7 carried Out tests on beams having concen-
tric and eccentric prestress with varying levels of prestress, under 
different combinations of torsion, flexure and shear. 	Based on their 
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experimental results and using the torque-shear interaction curve proposed 
by Nylander, an empirical equation for interaction surface of bending, 
torsion and shear is deduced. 	In this equation the effects of prestress 
and eccentricity of prestress are considered. 	In 1974 Henry and Zia 8 
reported tests on 32 eccentrically and concentrically prestressed concrete 
beams with stirrups under combined bending, torsion and shear. 	The 
following conclusions are based on their test results: (1) in the presence 
of combined torsion, bending and shear the ultimate torsional capacity of 
a beam can be increased by up to approximately 30% for small amounts of 
bending and shear (approximately 25%); (2) the presence of shear in combined 
loads reduces the ultimate torsional capacity of a beam, by the order of 
10% to 20%, as compared to beams loaded in torsion and bending only; and 
(3) the interaction between torque and bending, and torque and shear, 
can be conservatively expressed as 
M. 2 	M. 2 
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In 1975 Johnston and Zia 9 reported results of a series of tests on 
37 eccentrically prestressed concrete hollow beams under combined loading. 
In addition to the three modes of failure observed previously, by other 
investigators, a fourth mode with a compression zone in the top back 
corner was noted in beams loaded with very high shear. 	Based upon 
observed failure Modes 1, 2, and 3, a theoretical analysis of ultimate 
strength :as developed with the following main assumptions: (1) the 
neutral axis is parallel to the compression face of the beam, and does 
not intersect the hollou; 	(2) failure is defined as the condition 
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corresponding to yield of certain transverse or longitudinal reinforce-
ments prior to concrete crushing. 	Thus, an underreinforced beam is 
assumed. 	The theory also assumes that Mode 1 and Mode 3 failures are 
independent of the shear and that Mode 2 failures are independent of the 
bending moment. 	The limitation of the theory is that it cannot be 
applied for beams under loading combinations with higher shear. 
From this brief review of previous studies on prestressed concrete 
beams under combined bending and torsion, it can be concluded that the 
effect of dowel forces on the torsional load carrying capacity of the 
beam has not seriously been studied so far. 	Wain wright 35 ' 36 is the 
only investigator who has studied the effect of dowel forces in prestressed 
concrete beams, but his study is limited only to the case of beams without 
stirrups. 	The present investigation considers the effect of dowel forces 
on ultimate load carrying capacity of prestressed beams with or without 
stirrups. 	The analysis is also extended to the more practical case of 





This chapter describes experimental methods used in this investigation. 
Descriptions of the specimens and the materials used together with details 
of the test rig are given. 	In all, thirty one beams were tested under 
combined bending and torsion. 	These tests were conducted on four series 
of prestressed concrete beams and one series of plain concrete beams. 	The 
prestressed concrete beams were divided into different series according to 
the amount of effective prestressing stress, whether the beams were uni-
formly or eccentrically prestressed and the amount of transverse steel used. 
3.2 	1FAM SPECIMENS 
3.2.1 	Series A: 	Uniformly Prestressed Concrete Beams with Two Pre- 
stressing Wires and Web Reinforcement 
This series consisted of ten uniformly prestressed concrete beams, 
each having nominal dimensions 102 mm by 102 mm and a length of 1300 mm. 
These beams were tested under different ratios of bending to torsion 
ranging from pure torsion to pure bending. 	The uniform prestress was 
applied by means of two 5 nun (0.2 ins.) diameter plain high tensile steel 
wires positioned as shown in Fig. 3.1. 	Four longitudinal mild steel bars 
of 4.8 nun (3/16 ins.) diameter were used in each beam. 	The longitudinal 
mild steel was equally divided on the top and bottom faces. 	The stirrups 
on the two outer portions of the beam were of 3 nun (1/8 ins.) diameter 
positioned at 50 mm spacing while inside the test zone the 3 mm diameter 
5mm d. prestressing wires 
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stirrups were positioned at 150 mm spacing. 	All the beams sere pre- 
stressed with post-tensioned wires and left unbonded. 	Each wire was 
stressed initially with a force of 22.241 kN. 	At the time of testing 
the force in each wire was 13.719 kN, so that the effective prestress 
in the cross-section of the beam was 2.64 N/mm 2 . 	Because of the short- 
ness of the beams used in this investigation, loss due to draw-in was 
very large. 	All of the beams were initially prestressed equally. 
But, after allowing for the losses, there were some variations in 
effective prestress mainly because of variations of loss due to draw-in. 
3.2.2 	Series C: 	Uniformly Prestressed Concrete Beams with Four Pre- 
stressing Wires and Web Reinforcement 
In this series eight beams were tested under different ratios of 
bending to torsion ranging from pure torsion to pure bending. 	The beams 
had the same length and cross-sectional properties as those  in series A, 
but differed in the number of prestressing wires and prestressing stress. 
In order to prevent premature failure outside of the test zone, the 
distance between stirrups was reduced from 150 mm in the test zone to 
25 mm in the outer portion. 	Due to the high shear force in beams C 6 and 
and the danger of failure outside the test zone, 6 mm ( ins.) diameter 
stirrups were provided in the outer zone of these beams and positioned at 
30 mm spacing. In order to have enough cover for the stirrups in beams 
C6and CBthe position of the prestressing wires was changed as shown in 
Fig. 3.2. 	The initial prestressing force in each wire was 22.241 kN, the 
same as in beams of series A. 	At the time of testing, after allowing for 
the losses due to creep, relaxation of steel, anchorage slip, etc., the 
effective force was 12.870 kN in each wire, producing an average uniform 
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prestress of 4.95 N/mu 2 in the cross-section of the beam. 	All of the 
beams were simply supported over a span of 1200 mm; this length was 
divided into three portions and the test zone was at the middle with a 
length of 450 mm. 	The beams in this series were overreinforced in 
bending, while the beams in series A were underreinforced in bending. 
3.2.3 	SeriesC-T: 	Uniformly Prestressed Concrete Beams with four 
Prestressing Wires and different Stirrup Spacing 
-fh 
In order to findAeffect of stirrup spacing on the ultimate strength 
of prestressed concrete beams, three beams were tested under pure torsion 
in this series. 	The beams had the same length and cross-sectional 
properties as those of series C but with different stirrup spacing 
ranging from 50 miii to . 
3.2.4 	Series D: 	Eccentrically Preztrcssed Concrete Beams with Web 
Reinforcement 
Six eccentrically prestressed concrete beams were tested in this 
series, each 1300 mm long with nominal dimensions of 102 mm by 102 mm. 
These beams were prestressed with two 5 mm prestressing wires as shown 
in Fig. 3.3. Four longitudinal mild steel bars each of 4.8 mm (3/16 
ins.) diameter were used in each beam. 	The distance between stirrups 
in the test zone was 50 mm while on the two outer portions of the beam 
it was reduced to 25 nun. 	The initial prestressing force in each wire 
was 22.241 kN. 	At the time of testing the force in each wire of the 
bottom and top face was 13.719 kN. 	These forces produced a linear pre- 
stressing of zero stress at the top face and 5.28 N/mm 2 at the bottom 
face of the beams. 	All other details are identical to beams of other 
series. 
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3.2.5 	Series B: 	Plain Concrete Beams 
For comparison with prestressed concrete beams four plain concrete 
beams were tested in this series. 	These beams had an identical cross- 
section and length to the beams of the other series. 	To prevent pre- 
mature failure outside of the test zone, reinforcement cages were 
installed in the two ends of the beam. 	The transverse reinforcement 
of the cage was in the form of closed vertical hoops made of 3 rnni (I ins.) 
diameter bars. 	Longitudinal bars were placed at four corners of the 
stirrups and were made of 4.8 mm (3/16 ins.) mild steel bars (Fig. 3.4). 
Two of the beams were tested under pure torsion in the torsion machine 
and the other two were tested under bending to torsion ratios of 10 and 1. 
3.3 	tATERIALS 
3.3.1 	Steel: 
Three types of bar and wire were used in this investigations: 
I. 	The prestressing wires were made of plain high tensile steel 
with indentations on the surface for ensuring high bond in 
case of grouting. 	They were supplied in the form of coil. 
The stress-strain curve for the prestressing wire is shown in 
Fig. 3.5. 	Samples of each reinforcement were tested in a 
10 ton Instron machine, to find their properties such as yield 
stress and strain, ultimate stress and strain and modulus of 
elasticity. 	These wires had the following properties: 
0.1% Proof Stress 	= 1476 N/mm2 
0.2% Proof Stress 	= 1496 N/mm2 
Ultimate Stress 	= 1520 N/mm2 
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The longitudinal reinforcement consisted of 4.8 mm (3/16 ins.) 
diameter mild steel bars having the following properties: 
Yield Stress 	 = 232 N/mm 2 
Ultimate Stress 	= 335 N/mm 2 
Modulus of Elasticity = 1.79x10 5 N/mm 2 
The stirrups within the test zone were made of 3 mm (I ins.) 
diameter bright mild steel, with a yield stress of 440.5 N/mm 2 , 
ultimate stress of 464 N/mm 2 , and modulus of elasticity of 
1.98x10 5 N/mm2 . 
3.3.2 	Concrete: 
The design of the concrete mix was determined mainly by the following 
considerations: 
Good workability; this is of special importance for series C and D 
with close spn o 	he cigft transverse  steel. 
A minimum crushing strength of 42 N/mm 2 at the age of four weeks was 
considered necessary for the prestressed concrete beams. 
C. 	The maximum aggregate size was limited to 10 mm to ensure that an 
electrical strain gauge would not be seated mainly over a single 
particle of aggregate. 
The mix proportions by weight wr.l:1.2:2, i.e. cement:sand:coarse 
aggregate with a water/cement ratio of O.S. 	Ferrocrete cement was used 
in the mix. 	Slump and compacting factor tests were carried out according 
to BS 1881:part 2:1970. 	Average compacting factor was 0.92 and average 
slump was 40 mm. 
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3.4 	CONTROL SPECIMENS 
Control specimens consisting of three 100 mm cubes and four 100x200 
mm cylinders for the split cylinder and compression tests, and two lOOxlOOx 
500 mm prisms for the modulus of rupture and modulus of elasticity tests 
were cast and cured with the beams. Fresh concrete was poured in the 
moulds in layers of 50 nun, and vibrated on a vibrating table for one 
minute for each layer. 	The compressive ;rength and split cylinder 
tests were carried Out in a 2500 kN Denison testing machine. The modulus 
of rupture was obtained by supporting a lOOxlOOx500 nun prism symmetrically 
over a 400 mm span and loading it at one third points of span, in an Avery 
testing machine. 	1Ox300 nun cylinders were tested in an Avery testing 
machine to find the modulus of elasticity. 	However, in the later series, 
prisms of lOOxlOOxSOO mm were used for finding modulus of elasticity, 
because it was considered that the modulus of elasticity of these pi- isnis 
is a better representative ofAmodulus of elasticity of the beams. 
Tables3.1 - 3.4 give the results of the above tests for all the 
beams. 
3.5 	PRODUCTION OF BEAMS 
3.5.1 	Mould 
The mould was constructed of two 4 mm thick plates bolted to a base 
steel channel of 102x5Ox7 mm. The plates and the channel were of the 
same length. 	Two end plates, 1300 mm apart, having the same dimensions 
as the cross-section of the beam, were fixed to the side plates and the 
channel web underneath by bolts. 	The end plates were 12 mm thick and 
















Al 0 47.47 5.45 0.205 4.32 
A2 1 49.73 5.91 0.217 3.90 
A8 2 499 - 0.242 5.35 
A9 3 42.6 6.21 0.241 4.73 
A 3 4 45.20 5.95 0.205 4.73 
A 1 0 5 52.31 6.40 0.212 4.68 
A4 6 45.00 - 0.228 4.83 
A5 8 54.25 5.07 0.248 4.63 
A6 00 53.00 6.1 - 5.04 










DT 0 48.11 0.191 
DI 1 46.5 0.191 
2 48.40 0.191 
3 44.00 0.191 
D4 4 44.00 0.191 
D5 5 50.40 0.191 















CT 0 51.02 5.60 0.232 4.01 
C1 1 54.30 5.30 0.237 4.11 
C2 2 44.88 6.06 0.223 3.91 
C3 3 45.7 6.18 0.249 - 
C4 4 54.00 - 0.249 4.83 
C6 6 43.00 5.87 0.224 4.32 
CB CO 52.31 5.84 0.254 5.24 
CB 1 44.44 5.90 0.236 - 
TABLE 	3.3 	Experimental Results - Series C 
Mb Cube Modulus of Modulus of 
Cylinder 
Beam Strength rupture elasticity Splitting 
Sength 
N/mm2 N/mm2 N/mm2 xlO 5 
N/mm 2 
CT1 0 51.34 5.30 0.237 4.11 
CT2 0 51,02 6.30 0.232 3.70 
CT 3 0 44.44 5.00 0.236 3.08 
B 1 0 56.1 I 6.00 
I 
- - 
B2 0 53.2 5.95 - - 
B3 1 48.68 4.96 0.196 4.73 
B4 10 48,68 4,96 0.196 4.73 


















Series C & C-T 
Fig. 3.5 Mould end plates cross section for Series A 1 C,G-T & D. 
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series of test beams was obtained using this mould. 	Prior to the casting 
of the beam the mould was oiled with P5 Shell Oil and the reinforcement 
cage was placed in the mould. Then, two or four (depending on the number 
of ducts necessary) rods were introduced through the end plate holes and 
reinforcement cage. 	These rods were 5 nun diameter mild steel bars 
covered with polythene tubes of 9 mm external diameter. 	By tightening 
the nuts at the ends of the rods and anchoring them against the end 
plates, the rods were sufficiently stretched to produce straight ducts. 
When deflection of the rods by finger pressure at midspan was about 1 mm, 
tightening was stopped. 	After testing the first few beams, they were 
Cut with a concrete saw to check the position of the ducts at midspan. 
It was found that the ducts were in the right position with an accuracy 
of ± 1 mm. 
3.5.2 	Casting: 
The dried aggregate was mixed with cement in a two cubic-foot capacity 
"Cum-flow" type mixer for one minute, then water was added and mixing was 
continued for another two minutes. 	The fresh concrete was poured into a 
prepared mould in three layers and each layer was vibrated with an Electrical 
Kango Hammer for one minute. 	In order to have better vibration the mould 
was laid over a sheet of plywood. When casting was completed the beam was 
left to take its initial setting for two hours, after which it was trowelled 
and the surface was given its final finish. 
3.5.3 	Curing 
The beam and the control specimens were covered with polythene sheets 
after their final surfaces were trowelled carefully, and were left for a 
period of one day in the laboratory. 	The rods were then released and 
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pulled out with their polythene covers. 	A special kind of ring with a 
hole on its perimeter was used for extracting the rods out of the ducts. 
The beam and control specimens were demoulded and placed in a water tank 
for a period of forty days. 	Two days before testing they were removed 
from the tank and left to dry in the laboratory where the test was 
carried Out. 	The temperature in the concrete laboratory was not 
controlled; for this reason there were some variations in the strength 
of different specimens cast in different seasons. 
3.6 	PRESTRESSING 
In order to measure the loss due to creep and to estimate roughly 
the stress due to prestressing, 	Demec studs were fixed on both faces of 
the beam before prestressing. 	Distances between two Demec studs were 
measured before prestressing, immediately after prestressing, and before 
starting the test, so that the stress in the concrete due to prestressing 
and loss due to creep could be calculated if modulus of elasticity of the 
beam was known. 	The prestressing of the beam was carried out using a 
CCL Systems Limited prestressing machine. 	The prestressing force was 
determined from the calibration chart of the load cell, fixed at the end 
of the prestressing gun. 	A load cell was connected to the calibration 
box. 	This box had three knobs on it, one for checking the battery power, 
another for setting the equipment to zero when there is no load, and the 
third one for checking the calibration number of the load cell before 
prestressing. 	The calibration number for the load cell was 47.5% and the 
calibration chart is shown in Fig. 3.7. 	After adjusting the calibration 
box the prestressing wire was accommodated in the loading gun and the load 
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Fig 	3.7 Calibration- curve 
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and hence subsequent possibility of cracking the section and also varia-
tions in the final prestressing forces in the wires, prestressing was 
carried out in three stages. 	In each stage increments equal to one 
third of the final force in each wire were applied to all of the wires. 
The prestressing wires were anchored to the end plates using cylinder 
and cone anchorages. 	To increase friction, grease was removed from 
the internal surfaces of the anchorages before putting them in position. 
Two types of end plates were designed and used for the uniformly and 
eccentrically prestressed concrete beams. 	Both types consisted of two 
19 mm thick plates 52 mm apart. 	Other details are shown in Fig. 3.8. 
These kinds of end plates had two advantages: 
It was possible to measure the amount of draw-in and resultant 
loss of prestress. 
Electrical resistance gauges could be fixed on the prestressing 
wires outside the beam. 
The beam was tested one day after prestressing. 
3.7 	TEST RIG 
One plain concrete beam was tested under combined bending and torsion 
in an Avery torsion machine, with a test set-up and test procedure similar 
to those used by Sa11h 50 and Algam51 . 	Due to difficulties and inaccuracies 
involved in finding the degree of fixity of the clamped ends of the beam, 
this method of testing was abandoned and the result of the first test was 
discarded. 
A free-standing rig was designed and used to enable the tests to be 
carried out without the rig being fixed to the strong floor. 	The rig 
1000 
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Details of anchorage end plates for Series D 
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consisted of two frames connected together with two beams at the bottom 
and two beams at the top, for maintaining stability, and one beam with 
a load cell fixed on it connecting midspans of the frames at the top for 
transferring the applied load to the frames. 	The beams support as shown 
in Fig. 3.9 consisted of a semi-circular disc, which could rotate freely 
on its bearing about the longitudinal axis of the beam, and on the top of 
the disc, a 25 mm diameter bar on a semi-cylinderical bearing rotating 
freely about an axis prependicular to the longitudinal axis of the beam. 
This kind of support arrangement allowed the beam to be simply supported, 
and at the same time rotate freely with torsion. 	Each support was laid 
on the midspan of the beam, connecting the midheights of the columns of 
each frame. 	The test rig and test arrangement are shown in Fig. 3.10 
and Plates 3.1 and 3.2. 
There are three possible ways of loading a beam under combined bending 
and torsion: 
Bending moment (or torsion) is applied first and maintained 
constant during the test; the beam is then subjected to torsion 
(or bending) until failure occurs. 	This method is used by 
Gardner 28 	and Reeves 30 	etc. 
Under combined loading the beams are subjected to several cycles 
of loading up to failure. 	At every cycle the vertical load 
(or the torque load) is applied first and then the torque load 
(or the vertical load) is increased. 	In this method, like the 
previous one, the ratios of bending to torsion at initial cracking 
and failure are not necessarily equal. 	Most investigators 32 ' 23 
have used this method. 










Fig. 3.9 Arrangement for Measuring Angle of Twist 
& Deflection of the Beam at the Mid-span 
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Plate 3.1 	General view of test set-up 
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3. 	The system of loading is such that bending and torsion can be 
increased simultaneously, so the ratio of bending to torsion 
will remain constant throughout the test. 	This method of 
loading was used by the author because it resembles most 
practical cases involving combined bending and torsion. 
Torsion and bending were applied by means of two cantilever brackets 
clamped directly to the test specimens. 	On the top of each bracket 
there was a point-load sliding seat. 	An I section spreader beam was 
rested on these two point-load seats, and by varying their position 
(torsion arm) and keeping the distance between the brackets and the 
supports constant (bending arm), the ratio of bending to torsion could 
be changed. 	The load was applied by means of a ten ton Enerpac hydrau- 
lic jack situated at the midspan of the spreader beam and under a load 
cell. 	The load was indicated by a digital voltmeter connected to the 
load cell. 	Bending and torsion were constant in the test zone between 
the two brackets. 	After collapse of the test arrangement for beam A4, 
special scaffolding was fixed to the rig to guide the spreader beam in 
the vertical direction. 	This kind of scaffolding was only used for 
beams tested under high bending to torsion ratios when there was danger 
of sliding of the spreader beam due to large rotations and deflection. 
3.8 	TEST PROCEDURE 
The centroid of the test specimen was placed to coincide with the 
centre of rotation of the supports. 	The load was then applied in 
increments of one kN, if the beam was tested under low bending to torsion 
ratio, and two kN, if it was tested under high bending to torsion ratio. 
Each test took approximately one hour and averaged ten stages. 	At every 
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stage, while the load was kept constant, readings for deflection, rotation, 
steel strains and concrete strains were taken. 	Pure torsion tests for 
beams in series C-T were carried out in the Avery torsion machine. 	However, 
the rest of tests were carried Out in the rig. 
3.9 	INSTRUMENTATION 
3.9.1 	Concrete Strain 
Concrete strain was measured by Electrical resistance strain gauges 
and Demec gauges. 	The eight inch. Demec gauge was used to measure 
strains parallel to the longitudinal axis of the beam on the two vertical 
faces and on the top face of the beam with an accuracy of 1.01x10 5 . 
A two inch Demec gauge was used to measure strains at 900  and 450  to the 
longitudinal axis of the beam. 	A 10 mm gauge length electrical strain 
gauge was used to measure longitudinal strain on the top face of the beam 
where the Demec gauge could not be used near the failure load. 	Before 
fixing the Demec studs, the concrete surface was smoothed with sand paper 
and cleaned with carbon tetrachloride. 	Then the Demec studs were fixed 
with Durofix glue. 	Figs. 3.9 and 3.11 show the position of the Demec 
studs and electrical strain gauges on the beam. 
3.9,2 	Steel Strain 
Polyester electrical strain gauges PL-2 with a gauge length of 2 mm, 
gauge factor of 1.9 and nominal resistance of 60± 0.3c2 were used to 
measure the strain in the reinforcement, for all of the beams except 
beams in series D. 	It was desirable to use a more flexible strain 
gauge, so, for series D, Foil electrical strain gauges FLA-2 with 2 mm 
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Fig 3.1 	Positions of Dernec poihts on the front and buck faces of the bc-urn 
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were used. 	All of the electrical strain gauges were supplied by Tokyo 
Sokki Kenkyujo Co., Ltd. Before fixing the electrical strain gauges, 
the surface of the reinforcement was polished with different grades of 
emery paper. Then it was cleaned with a piece of cotton immersed in 
carbon tetrachloride. 	The strain gauges were then fixed using CN 
adhesive. 	However, SR adhesive was used for fixing Foil Electrical 
strain gauges of series D. 	Waterproofing was achieved using PS drugs 
A and B. 	An average of ten to twelve strain gauges were fixed on the 
reinforcement of each beam, of which two (or four) were on the top and 
bottom prestressing wires and two on the top and bottom of the longi-
tudinal mild steel, and the rest were on the stirrups. 	A fifty channel 
Solarton Data Transfer unit with scanner controller and printing device 
giving the strains directly on a printer was used to read the strains. 
Because the prestressing wires were left unbonded in the ducts, theoreti-
cally there would not be any difference between straths at differejil 
points of the wire. 	To check this, several strain gauges were fixed to 
the prestressing wires of beam A 2 before prestressing. 	It was found 
that differences between strains at these points were not appreciable. 
So it was decided to use end plates as described in 3.6 and fix strain 
gauges on the wires outside the beam in the gap between the two end 
plates. 
3.9.3 	Angle of Twist 
The angle of twist was measured using two special brackets fixed to 
the beam by means of two bolts (see Fig. 3.9) and four dial gauges. 	The 
four dial gauges were mounted on top of each arm of the brackets, at a 
distance of 250 nun from the longitudinal centre line of the beam. 	The 
distance between each bracket and midspan of the beam was 180 mm. 	The 
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accuracy of the dial gauges used was 0.002 mm. 	At each stage of loading 
readings of the dial gauges were taken. 	The angle of twist per unit 
length of the beam could easily be found, knowing the differences in 
readings of the four dial gauges. 
3.9.4 	Deflection 
Three 0.002 mm Bat), dial gauges were used to measure the deflection 
of the beam at midspan. 	Two of the dial gauges measured vertical move- 
ments of the supports, and the third one total vertical movement of the 
beam at midspan. 	By reducing the vertical movement of the supports from 
total vertical movement of the beam at midspan, deflection of the beam 
at this point could be found. 
3.9.5 	Load Cell 
The load cell used was a BSO type supplied by Davey, of 5 tons 
nominal capacity having an overload capacity of at least 50% on the 
nominal maximum. 	It was calibrated against a digital voltmeter in the 
Avery Universal Testing machine. 
3.9.6 	Digital Voltmeter (DVM) 
The digital voltmeter used was a LM 1450 four-window type employing 






This chapter describes the observed behaviour and crack pattern of 
the beams tested in this investigation. 	The beams in each series are 
divided into different groups according to their behaviour under different 
ratios of bending moment to twisting moment. 	Differences in the behaviour 
of the beams in different series as a result of variations in the amount 
of prestressing force and stirrup spacing are presented and discussed. 
Moment-deflection, torque-twist, moment against strains in the steel, and 
other relevant graphs for the beams in each series are plotted and used 
for comparison with the corresponding graphs of the other series. 
4.2 	GENERAL BEHAVIOUR OF THE PRESTRESSED CONCRETE BEAMS UNDER COMBINED 
BENDING AND TORSION 
Based on the observed behaviour of the prestressed concrete beams 
under combined bending and torsion, the beams in each series are divided 
into two groups: 
1. 	Beams which fail under low ratios of bending moment to twisting 
moment. 	These beams behave similarly to beams subjected to 
pure torsion. 
2. 	Beams which fail under high ratios of bending moment to twisting 
moment and behave in a similar manner to beams under pure bending. 
WC 
4.3 	BEHAVIOUR OF BEAMS IN SERIES A 
4.3.1 	Beams under Low Ratios of Bending Moment to Twisting Moment 
Most of the beams in this group failed at the appearance of the 
first crack. The failure was sudden, without any sign of excessive 
deformation, but was not violent and explosive. 
The failure of Beam A 1 , tested under pure torsion was so sudden 
that it was not possible to determine at which point the first crack 
appeared. An examination of the beam showed diagonal tension cracks 
on the bottom and sides with the formation of a compression hinge on 
the top face. 
Beam A7 was also tested under pure torsion, but with a closer 
stirrup spacing of 50 mm. 	Failure of this beam was initiated by the 
formation of diagonal tension cracks on the top, bottom and back faces 
of the beam. 	Rotation then occurred about a compression hinge on the 
front face of the beam. 
Beam A2 was subjected to a bending moment to twisting moment ratio 
of one. 	The failure mechanism of Beam A2 was similar to that of Beam 
A 1 . 	For this beam, it was possible to observe the appearance of the 
first crack immediately before failure. 	Due to the presence of bending 
moment in Beam A2 1 the length of the compression hinge of this beam was 
shorter than those of Beams A1 and A7. 
4.3.2 	Beams under high Ratios of Bending Moment to Twisting Moment 
The beams in this group could sustain more load after the appearance 
Of the first crack. 	Failure was delayed after first cracking as the 
ratio of bending to torsion increased. 	Beam A8 tested under a bending 
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to torsion ratio of 2 failed by crushing of the concrete at the top face. 
This beam showed some inelastic behaviour before failure. 	The load dropped 
off very quickly after failure occurred. 	Generally, as the ratio of bending 
to torsion increased the torsional load carrying capacity of the beam 
decreased; this was true for both beams under high and low ratios of 
bending to torsion. 	Beams A9, A3 and A10 tested under bending to torsion 
ratios of 3, 4 and 5 respectively showed similar behaviour to that of Beam 
A8. 	All of the beams tested under high ratios of bending to torsion in 
series A had an ultimate torsional load carrying capacity less than that 
of a similar plain concrete beam under torsion. 	Beams A, A5 and A6 
showed a considerable amount of deformation before failure (see Plates 
4.11, 4.12, 4.13). 	Several bending cracks appeared during loading on 
both faces of these beams, but these cracks disappeared after removal of 
the load. After failure the load did not drop off quickly and the beams 
were still able to carry a large proportion of the ultimate load. 
4.4 	BEHAVIOUR OF BEAMS IN SERIES C 
4.4.1 	Beams under Low Ratios of Bending Moment to Twisting Moment 
The failure of uniformly prestressed concrete beams of series C, 
which were tested under low ratios of bending to torsion was sudden 
and violent. 	Neither the beam tested under pure torsion nor the other 
beams showed any cracking prior to the failure. 	Beam C1 was subjected 
to a bending moment to twisting moment ratio of one. The top mild 
steel reinforcement of this beam deflected upwards at the points of 
intersection of the side cracks and the top face of the beam at the 
time of failure (Plates 4.14 and 4.15). However, due to presence of 
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the bending moment the mild steel reinforcement was expected to bend 
downwards. 
The phenomena of upwards deflection of the top reinforcement of 
the prestressed concrete beams at failure ha5 not been reported by 
other investigators. 	This upwards deflection is a result of relative 
movements of the two parts of the beam created by the failure crack. 
At the time of failure the two parts of the beam move towards each 
other because of the prestressing force. 	As there is little restraint 
at the top face of the beam the top reinforcement bend upwards. 	For 
the same reason bottom reinforcement also bend downwards. 	Because the 
compression crack at the top face is wider than the tension crack, at 
the bottom face (due to crushing of the concrete at the top face) there 
is less restraint for the top reinforcement than the bottom reinforce- 
ment. 	The downwards deflection of the bottom reinforcement is much 
smaller than the upwards deflection of the top reinforcement due to more 
restraint at the bottom face. 	As a result of the above observation, 
it seems that introduction of the prestressing force between the bottom 
and top faces of the beam (or between the two sides of the beam, if the 
compression hinge is expected to be formed on one of these sides), in 
addition to the longitudinal prestressing force can increase the load 
carrying capacity of the beams under low ratios of bending to torsion. 
If this is verified experimentally, it might be of economical value. 
Behaviour of the Beam CT  which was tested under pure torsion was 
similar to that of Beam C1. 	In both beams, a compression hinge was 
formed on the upper face of the beam. 
Comparison of the beams in series C and A shows that as the amount 
of prestressing force increases, failure becomes more violent and destructive. 
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4,4.2 	Beams under High Ratios of Bending Moment to Twisting Moment 
The failure of the beams in this group was not violent and was 
preceded by considerable deflection and rotation. 
Beam CB  tested under pure bending failed by crushing of the concrete 
at the top face (Plates 4.24 and 4.25). 	Several cracks developed on 
both sides of the beam before failure. 	These cracks disappeared as the 
load was removed. 	The prestressing wires did not reach yield before 
failure. 
Beam C6 was subjected to a bending to torsion ratio of 6. 	The 
failure cracks badly damaged the beam at the top face. 	This beam and 
the other beams in this group could sustain further load after the 
appearance of the first crack. 	Beams C, C3 and C2 showed similar 
behaviour to that of Beam C6, but, as the ratio of bending to torsion 
was vuM the number of cracks on the sides of the beams were also 
reduced. 	All of the beams in this group showed inelastic behaviour 
before failure. 	The inelastic deformation was especially large when 
the ratio of bending to torsion was equal to or higher than 4. 	In 
all the beams of this group the higher the ratio of bending moment to 
twisting moment the lower the ultimate twisting moment. 
4.5 	BEHAVIOUR OF THE UNIFORMLY PRESTRESSED CONCRETE BEAMS OF SERIES 
C-T UNDER PURE TORSION 
All of the beams in this series failed with the cleavage (tension) 
type of failure. 	The stirrup spacing was increased from 50 mm for 
beam CT3 to 	for beam CT1. 	Increasing the stirrup spacing did not 
appreciably reduce the ultimate strength of these beams. 	The reason 
s-e- 
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for this is that only combinationsof longitudinal and transverse rein-
forcement can increase the torsional capacity of the beam effectively 
(this was shown for reinforced concrete beams by Turner and Davies, 2 
Tembe 3 etc.). 	Since the beams failed with the appearance of the first 
crack, only a small amount of load could be transferred to the longi-
tudinal reinforcement before failure and therefore the beams acted as 
beams without longitudinal reinforcement. 	This resulted in ineffective- 
ness of the stirrups. 	In the prestressed concrete beams generally 
stirrups do not increase the ultimate strength of the beams effectively, 
especially if the prestressing wires are unbonded. 	To increase the 
effectiveness of the stirrups, enough stirrups must be used to prevent 
failure of the beams on the appearance of the first crack. 	For this 
purpose, the higher the prestressing stress, the higher the percentage 
of stirrups that must be used. 
Torsional stiffness of the beams was not affected substantially by 
the change in the stirrup spacing. 	Failure was sudden and violent and 
destruction occurred due to the release of the prestress. 	However, the 
beams with less stirrup spacing failed less violently. 	The strain in 
the vertical and horizontal legs of the stirrups was small before 
failure, but after failure the stirrups which were intersected by the 
failure crack yielded. 
4.6 
	




Beams under Low Ratios of Bending Moment to Twisting Moment 
The failure of the beam D1 tested under pure torsion occurred before 
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the first crack could be detected. 	The failure was sudden, but not 
violent and destructive. 	The ultimate twisting moment of this beam 
was smaller than that of Beam A1 in series A tested under pure torsion. 
An examination of the beam showed diagonal tension cracks on the top 
and sides with the formation of a compression hinge on the bottom face. 
This kind of failure is expected in the eccentrically prestressed 
concrete beams under low ratios of bending to torsion with ratios 
equal or near to one. 	In these beams, the first diagonal tension 
crack forms on the top Lace (because the compressive stress is small 
on this face), then diagonal tension cracks appear on the sides, and 
as they join together failure occurs about a compression hinge on the 
bottom face of the beam. 
Beam D1 tested under bending to torsion ratio of one failed on the 
appearance of the first crack on the bottom Lace. 	The ultimate torsional 
moment of this beam was less than that of Beam A2 in series A tested 
under a bending to torsion ratio of one. 	The upwards deflection of 	the 
mild steel at the top face of the beam was not observed in this beam 
or any other beam in series D. 
4.6.2 	Beams under High Ratios of Bending Moment to Twisting Moment 
Similar to the beams under high ratios of bending to torsion in 
series A, the ultimate torsional moments of the beams in this group were 
smaller than that of a similar plain concrete beam under pure torsion. 
The ultimate torsional moment of Beam D2 was less than that of Beam A8 
in series A although both beams were tested under bending to torsion 
ratio of 2, and had the same average prestressing stress. 	However, 
the ultimate torsional moments of Beams D 1 and D5 were more than those 
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of Beams A3 and A10 under similar bending to torsion ratios of 4 and S 
respectively. 	This shows that under lower ratios of bending to torsion 
the ultimate strength of a uniformly prestressed concrete beam is higher 
than that of an eccentrically prestressed concrete beam with a similar 
cross-sectional and average prestress under the same bending to torsion 
ratio. 	Under higher ratios of bending to torsion however the ultimate 
strength of a uniformly prestressed concrete beam is lower than that 
of a similar eccentrically prestressed one. 
From observations made during tests, it could be said that the 
beams of this group had the following common behaviour. 
Several cracks appeared on both faces of the beams before 
failure. 	When the load was released after failure most of 
the cracks closed up due to the effect of prestress. 
The beams showed excessive rotation and deflection and could 
sustain further load after the first crack was observed. 
The failure mechanism was one of a compression failure of the 
concrete in the top of the beam. 
The prestressing wires did not reach their yield point. 
4.7 	BEHAVIOUR OF THE PLAIN CONCRETE BEAMS IN SERIES B 
Beams B1 and B2 tested under pure torsion exhibited similar behaviour 
from initial loading to failure. 	The torque-twist curves for these beams 
are shown in Fig. 4.1. 	It can be seen that their behaviour is linear 
and essentially elastic, with only a small amount of inelastic twist in 
the upper part of the curves. 	The ratio of the ultimate twisting moment 
of a beam tested under a bending to torsion ratio of one, to the ultimate 
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twisting moment of a beam subjected to pure torsion for the beams in 
series B, A and C, was 0.47, 0.68 and 0.85 respectively. 	This indicates 
that for beams under low ratios of bending to torsion, the ratio of the 
ultimate torsional moment of a beam to that of a similar beam under pure 
torsion increases with increase in the prestressing stress. 	The 
ultimate bending moment of Beam B 4 tested under a bending to torsion 
ratio of 10 was only 62% of that of a similar beam tested under pure 
ike 
bending as a result of Aintroduction of a small amount of torsion. 
4.8 	ANGLE OF ROTATION 
Fig. 4.2 shows the angle of twist plotted against the torsional 
moment for all beams tested under combined bending and torsion in 
series A. 	As can be seen, the torque-twist curves of the beams tested 
under low ratios of bending to torsion are linear and the torsional 
stiffness of these beams is almost equal until just before failure. 
For beams under high ratios of bending to torsion, the relationship 
between torsional moment and angle of twist is linear up to cracking, 
then non-linear and the torsional stiffness is considerably reduced. 
The initial torsional stiffness of these beams is slightly reduced and 
the total rotation increased with increase in the bending to torsion 
ratio. 
The torque-twist curves for all the beams tested under combined 
bending and torsion in series C is shown in Fig. 4.3. 	The initial 
slope of the curves for the beams under low ratios of bending to 
torsion is almost equal. 	It can therefore be deduced from these 
results that the torsional stiffness of these beams is not influenced 
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of the beams under higher ratios of bending to torsion in series C is 
larger than that of the corresponding beams in series A, the initial 
torsional stiffness is not influenced substantially by the amount of 
prestressing stress. 	However, the initial torsional stiffness is 
increased more with the increase in the cube strength of the beam. 
As a result of the increase in the prestressing stress, the total 
rotation of a beam in series C is larger than that of a beam in series 
A under a similar bending to torsion ratio. 
Fig. 4.4 shows the torque-twist curves of the beams in series C-I. 
As can be seen the torsional stiffness is not increased with reduction 
in the stirrup spacing as might be expected. 	This is perhaps due to 
the low precentage of the stirrups used in the beams. 
The total rotation of an eccentrically prestressed beam in series 
D is larger than that of a beam in series A with a similar average 
prestress and bending to torsion ratio. 	The initial torsional stiff- 
ness of the beams under lower ratios of bending to torsion in series 
D is less than that of the corresponding beams in series A. 	The 
opposite is true for beams under higher bending to torsion ratios. 
Fig. 4.5 shows the torque-twist curves for beams in series D. 
Unlike the prestressed beams the total rotation of the plain 
concrete beam is reudced with increase in the ratio of bending to 
torsion. 	The torsional stiffness of Beams B 1 and B2 is almost equal 
to that of a prestressed beam subjected to pure torsion in the other 
series. 	The torque-twist curves of the beams in series B is shown 
in Fig. 4.1. 
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4.9 	CENTRAL DEFLECTION 
The variation of central deflection with bending moment for all 
the beams in series A is shown in Fig. 4.6. 	Results show that the 
initial flexural stiffness of all the beams is almost equal irrespec-
tive of their bending to torsion ratio, the curve becoming non-linear 
at the point at which cracking occurs. 	After cracking there is a 
decrease in the flexural stiffness and the deflection increases until 
failure. 	The total deflection of the beam is increased with the 
increase in the ratio of bending to torsion. 
The bending moment -deflection curves for the beams in series C 
is shown in Fig. 4.7. 	For beams under low ratios of bending to torsion 
the curves are linear and then non-linear just before failure. 	The 
initial flexural stiffness of the beams in this series is larger than 
the corresponding beams in series A. 	It can therefore be deduced that 
the flexural stiffness of a beam under combined bending and torsion 
increases with increase in the prestressing stress. 	The total 
deflection of the beams in series C is smaller than that of the corres-
ponding beams in series A due to the larger prestressing force in the 
beams of series C. 
The initial flexural stiffness of the eccentrically prestressed 
beam in series D was equal to that of the uniformly prestressed beam 
of series A provided that they had equal average prestressing stress. 
The total deflection of the beams under lower ratios of bending to 
torsion in series D was smaller than that of the beams in series A. 
But under higher ratios of bending to torsion the opposite was true. 
The bending moment-deflection curves of the beams in series D is shown 
in Fig. 4.8. 
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4.10 	CONCRETE STRAINS 
Figs. 4.9, 4.10 and 4.11 show the increase in longitudinal compressive 
strain in the concrete at the top face plotted against the applied bending 
moment for beams tested under combined bending and torsion in series A, C 
and D respectively. 	The slope of the curves can be seen to change at a 
point approximately equal to that at which the first crack appears. The 
initial slope of the curves for the beams in each series is equal, indica-
ting that torsion has no effect on the compressive strain at the top face 
of the beam. 
The total compressive strain of the beams in series A is less than 
that of the beams in series C under similar bending to torsion ratios. 
This is due to the fact that the prestressing stress is smaller in 
series A. 	Results show that the total compressive strain increases 
with increase in the bending to torsion ratio. 	The initial slope of 
the curves for beams in series A and C is approximately equal. 	However, 
in the eccentrically prestressed beams of series D the initial slope of 
the curves is smaller than that of the other series. 	The total com- 
pressive strain at the top face of the beam in series D is larger than 
that of a corresponding beam in the other series. 
Longitudinal strains over the depth of the beam were measured for 
all the beams. 	The strain distribution in the concrete due to bending 
and torsion is linear across the depth of the section, as can be seen 
in Fig. 4.12. 
Transverse strains were measured on the vertical faces of the beams 
but no significant change in the amount of these strains was observed 
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4.11 	STEEL STRAINS 
Figs. 4.13-4.16 show the variation in strains in the bottom pre-
stressing wires with change in bending moment for all the beams. 	The 
graphs show linearity until the cracking bending moment is reached. 
The initial slope of the curves of the beams in each series is almost 
equal. 	For the two beams subjected to a bending moment larger than 
their cracking bending moments, the beam with the lower bending to 
torsion ratio exhibits a larger strain in the bottom prestressing 
wires. 
Figs. 4.17 and 4.18 show the curves of bending moment against 
strain in the bottom mild steel bars. 	The mild steel yielded during 
most of the tests under high ratios of bending to torsion. 	In some 
of the beams (A 5 and CB) the strain decreased as failure was approached. 
This was due to the formation of the failure crack at a point other than 
that covered by the strain gauge. 
The curves of bending moment against compressive strain in the top 
prestressing wires and mild steel bars are shown in Figs. 4.19-4.22. 
As can be seen the strains are very small even in the beams under high 
ratios of bending to torsion. 	The relationship between bending moment 
and strain is linear for all the beams (except for beam CB)  up to failure. 
The final strain increases with increase in the bending to torsion ratio. 
The torque-strain in the stirrups curves shown in Fig. 4.23 are typical 
of those obtained for beams in this investigation. 	The strain is very 
small before cracking, but after cracking increases rapidly until failure. 
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4.12 	RELATIONSHIP BETWEEN STRAIN IN THE CONCRETE AND THE STEEL AT 
THE SAME LEVEL 
In the unbonded prestressed concrete beams the increase in strain 
due to bending in the steel and the concrete at the same level is not 
the same. 	The strain in the prestressing wire is constant through the 
length of the beam, but the strain in the concrete varies from one 
point to another. 	The ratio between the two strains is called the 
bond slip factor. 	The bond slip factor at the tensile zone plotted 
against the bending moment curves for beams under various bending to 
torsion ratios are shown in Figs. 4.24-4.27. 	This factor increases 
with increase in the bending moment for beams in series A and C. 	In 
the eccentrically prestressed beams of series D, the slip factor first 
increases with increase in bending moment up to a maximum, then decreases 
with further increase in bending moment. As can be seen the bond slip 
factor changes during the test and its value at failure varies from one 
test to another. 	The results show that bond slip factor depends on 
the following parameters: 
Ratio of the length of the beam to that of the test zone. 
Ratio of bending to torsion moment. 
Percentage of stirrups used and stirrup spacing. 
Whether the beam is eccentrically or uniformly prestressed. 
Amount of the prestressing stress. 
The relationship between bond slip factor and bending moment in 
the beams under combined bending and torsion is complex. 	This is due 
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under different bending to torsion ratios. 	However, a bond slip factor 
for steel in the tensile zone of 0.4 seems to be a reasonable one for 
the beams tested in this investigation. 	Figs. 4.28 and 4.29 show the 
curves of the bond slip factor for steel in the compression zone plotted 
against bending moment. 	This factor is about 0.5 for the beams in 
series A and 0.3 for the beams in series C. 
4.13 	CRACK APPEARANCE AND CRACK PATTERN AT FAILURE 
4.13.1 	Beams in Series A 
It was not possible to observe the appearance of the first crack 
in Beams A 1 and A7 tested under low ratios of bending to torsion. 
Failure of Beams A1 and A 2 was initiated by the formation of diagonal 
tension cracks on the bottom and sides with a compression hinge on the 
top face indicating a Mode 1 failure as referred to by the other 
investigators (35, 40, 38). 	In Beam A7 which was tested under pure 
torsion the first tension crack appeared at the middle of the back 
face (see Plate 4.2). 	On formation of the other tension cracks on 
the top and bottom faces, the beam rotated about a compression hinge 
on the front face and failed. 	This type of failure has been referred 
to as a Mode 2 failure in the literature. 	The inclination of the 
tension cracks in beams under low ratios of bending to torsion was less 
than 45 0 . 	The angle of inclination of the crack to the longitudinal 
axis of the beam increased with increase in the ratio of bending to 
torsion. 	Plates 4.1-4.4 show the crack pattern of Beams A7 and A2. 
The failure of the beams under high ratios of bending to torsion 
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bottom face and after crossing this face moved upwards on the vertical 
faces keeping the same inclination up to a certain height and then 
deviating away from the top Lace of the beam. 	This can be seen in 
Plates 4.5-4.7 for Beams A9 and A8. 
In the beams under higher bending to torsion ratios such as A 3 and 
A 1 0 the crack, after formation on the bottom face, extended up the sides 
of the beams to some distance above the centre line. 	At this point two 
cracks were formed and travelled towards the top face in different 
directions. 	The V shaped particle of concrete between these two cracks 
spalled off at the time of failure. 	The crack patterns of these beams 
are shown in Plates 4.8-4.10. 	With further increase in the ratio of 
bending to torsion the angle of crack approached a right angle and the 
beam failed with crushing of the concrete at the top face,as can be 
seen in Plates 4.11- 4.13 for Beams A4 and A5. 
4.13.2 	Series C and C-I 
Beams CT C1 and CT3 behaved similar to each other. 	Initial 
cracking occurred on the bottom face. 	This was accompanied by cracking 
of the sides. 	At the same time, the two parts of the specimen could be 
seen to rotate relative to each other about a hinge formed in the straight 
portion of an S shaped failure region on the top of the beam. 	The angle 
of the crack, measured from the longitudinal axis of the beam in Beams CT 1 
and CT2 was equal to that of the previous beams, but the S shaped com-
pression hinge was formed on the back side, indicating a Mode 2 failure. 
Under high ratios of bending to torsion the first crack was initiated 
on the bottom face and then spread upwards with a constant inclination to 
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as it approached the neutral axis of the beam; this is due to the fact 
that the compressive stress at this point is larger than the initial 
compressive stress due to the prestressing. 	Plates 4.14-4.15 show the 
crack pattern of the beams under low ratios of bending to torsion, and 
Plates 4.16-4.25 show the crack pattern of the beams under high ratios 
of bending in this series. 
4.13.3 	Series D 
The failure of Beam DT  was initiated by the formation of diagonal 
tension cracks on the top face as well as the front and back faces. 
The two parts of the beam then rotated relative to each other about a 
compression hinge formed on the bottom face. 	The angle of crack was 
smaller at the bottom than at the top )f the sides (Plates 4.26-4.27). 
This type of failure is referred to as a Mode 3 failure in the litera-
ture. 
The failure of Beam D1 was similar to that of Beam CT  tested under 
pure torsion in series C. 	This is due to the fact that a small amount 
of bending in eccentrically prestressed beam produce a uniform stress 
distribution in the cross-section of the beam. 
In all the beams of this series with the exception of Beam DT  the 
first crack appeared on the bottom face and the failure was a Mode 1 
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ULTIMATE STRENGTH OF RECTANGULAR PRESTRESSED CONCRETE BEAMS 
WITHOUT STIRRUPS UNDER COMBINED BENDING AND TORSION 
5.1 	INTRODUCTION 
This Chapter deals with the theoretical analysis for ultimate and 
cracking moments of prestressed concrete beams without stirrups under 
combined bending and torsion. 	The Chapter is divided into two parts; 
the first part is concerned with uniformly prestressed concrete beams 
and the second part deals with eccentrically prestressed concrete beams. 
In each part new expressions are derived for the ultimate strength of 
the beam. 	For the purpose of the theoretical analysis the beams are 
divided into the following four groups: 
Beams under pure torsion 
Beams under low 4  ratios 
Beams under high c ratios 
Beams under pure bending. 
The beams of the third group are divided into two sub-groups: 
Beams under 	ratios less than 4. 
Beams under 	ratios equal to or higher than 4. 
As the beams of the first and second group fail on the appearance of the 
first crack, the expressions for their cracking and ultimate moments are 
the same. 
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5.1.1 	Ultimate and Cracking Moments of Uniformly Prestressed Concrete 
Beams Subjected to Pure Torsion 
The failure of prestressed concrete beams under pure torsion is 
assumed to occur when the principal tensile stress reaches the maximum 
tensile strength of the concrete. 	The resultant of the shear stress 
due to torsion, and the longitudinal stress due to prestress is equal 
to the principal tensile stress and is given by the following expression: 
£A 2 	2 
= - 	+ 	 + T 	 ............. 	 (5.1) p.t.s. 	2 / 2 
The shear stress at failure can be found by equating the principal tensile 
stress to the tensile strength of the concrete, and substituting T for 
T max in Equation (5.1). 
T 	= ,f(f+f ) max 't t pr (5.2) 
As was described in Chapter 4 and can be seen in Fig. 4.4, beams under 
pure torsion show elastic behaviour until just before failure. 	However, 
some plastic deformation occurs at the time of failure. 	Based on the 
above observation it is assumed that the distribution of shear stress in 
the cross-section of the beam at failure is semi-plastic. 
Using the sand-heap analogy developed by Nadai 59 for a rectangular 
cross-section, the ultimate moment of a plain concrete beam in the 
completely plastic state is given by 
Mt 	
= Tb2 






The ultimate twisting moment of ,a plain concrete beam according to St. 
Venant's 58 elastic theory is given by 
M 	 = k2 .i,b2 .d 
tP (1 i (5.4) 
where k2  is the coefficient of elastic torsion for the longer side of 
the beam and depends on the L  ratio. 
The elastic and plastic ultimate twisting moments of a prestressed 
concrete beam can be found by substituting Tmax  from Eq. (5.2) for T in 
Equations (5.3) and (5.4). 	For simplicity it is assumed that the 
semi-plastic twisting moment of a prestressed concrete beam is equal to 
half the sum of its elastic and plastic twisting moments. 	Therefore, 
the expression for the ultimate twisting moment of a prestressed concrete 
beam can be written as 
T 	b2d 
	
max 	 b 
Mt = (Mt(l 	+M 	 = 	2 (k2 + - 	 -) = astic) t(plastic) 
/f 
t t pr 
(f ~ f 
) . b2d(0.5k2 + 0.25 - 0.0833k) 	 (5.5) 
where k = 
Similarly the semi-plastic ultimate twisting moment of a plain concrete 
beam can be written as:- 
M =(M tp 	tp(elastic) tp(plastic) 	2 tb2d (k2+ - 
b 
= ft 2d(0 . 5 k2+0 . 25 _0 . 0833 k) 
	
(5.6) 
The ultimate twisting moment of a prestressed beam in terms of ultimate 
twisting moment of a plain concrete beam can be written as 
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£
M /1 T i =- E  /f ( f + f ) = t 	 t t pr 	tp 	f 	 (5.7) 
5.1.2 	Ultimate and Cracking Moments of Uniformly Prestressed Concrete 
Beams Under Low Ratios of Bending to Torsion 
In this investigation, beams under low ratios of bending to torsion 
are defined as beams which fail on the appearance of the first crack. 
In order to develop an expression for the ultimate strength of these 
beams the following assumptions are made:- 
The distribution of strain normal to the a -plane varies 
linearly with depth as shown in Fig. 5.1. 
The stress-strain relation-ship in the compression and tensile 
zones is linear. 
Failure occurs when the principal tensile stress normal to the 
crack at the bottom face reaches the maximum tensile strength 
of the concrete. 
At failure, the strain induced by the applied load in the 
longitudinal wires and bars is very small and can be neglected. 
This assumption is supported by the experimental data given in 
Chapter 4. 
S. 	Dowel action in the steel is neglected. 	The reason for this 
assumption is that the total rotation is very small for beams 
under low 4 ratios. Therefore, the dowel force in the steel 
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5.1.2.1 Depth of Neutral Axis 
The shape of the idealized failure plane is shown in Fig. 5.1. 
The depth of the neutral axis can be obtained by equating the compres- 
sive and tensile forces perpendicular to the compression zone, 
C -T = F1 + F2 	 ••••........ 	 (5.8) 
f .b.n2 





F2 = (Apt.fpt +Aitfit )Sina 
According to assumption 4 
flbAlb = Altflt = 0 
and Ab.fb = Atf 	= bdfpr 	 ............. 	 (5.8.a) 
so that 	F1+F2 = bdf pr sina 
Substituting the values of F1+F2,C and T from the above equations in 
Equation (5.8) and rearranging gives 
bdf sincz pr 	= 2sina(d-n) (2n-d) 	............. 	 ( 5.9) 
From Eq. (5.9) In' can be found as 
f 
d(f sin2a + 
n = 	pr 	2 	
•........I... 	 (5.10) 
f sin2 c + f pr 	t 
ME 
5.1.2.2 Ultimate Strength 
The ultimate twisting moment of the beam can be found by equating 
the external and internal moments about an axis through the centre of 
the compression zone and parallel to the neutral axis. 	Referring to 
Fig. 5.1, taking moments of the tensile forces in the concrete about an 




The external moment about an axis through the centroid of the compression 
zone and parallel to the neutral axis is 
M ext 	b = M sinci + M t  cosa 
The moment due to the forces in the longitudinal reinforcement is given 
by 
n 
[fApt (d2 - -) + f A 	(d 1 - -)] s1na 	...,.. ....... 	 (5.13) t ph pb 
Substituting the values of £ pt pt 	pb ph A and f A from Equation (5.8a) and 
equating the external and internal moments gives 
2n 	f.d.b(dn) Mbsinct+M cosa=b.d.f .sina(d 2 +d 1  - 	+ 	3sinc t 	 pr 
Denoting Mb  as a function of Mt  and , the equation now reduces to 
b.d.f 	 f (d-n) pr 2n 	t 
t = 	 s [sinc(d2 +d 1  - --) + 	 ] 	 (5.15) pr 
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The ultimate twisting moment of a prestressed rectangular beam under low 
ratios of bending to torsion can be found either from Equation (5.15) or 
Equation (5.5). 	Both equations must be solved for the values of the 
ultimate moment, and from the two values, the smaller one is the ultimate 
torsional moment of the beam. 	For beams which fail either in Mode 2 or 
Mode 3 the ultimate twisting moment must be found from Equation (5.5), 
because Equation (5.15) is no longer valid due to assumption (3). 
5.1.3 	Angle of Crack 
The angle of crack in a rectangular prestressed beam under low ratios 
of bending to torsion can be found in terms of the tensile strength of the 
concrete, the prestressing stress, and the normal stress due to the cracking 
bending moment. 	The first crack may occur in one of the three critical 
locations, viz, the centre of the lower face, the centre of the vertical 
face, or the centre of the upper face. 	When the principal tensile stress 
at one of these points reaches the maximum tensile strength of the concrete 
cracking occurs. 	In beams under low ratios of bending to torsion it is 
more likely that the first crack will occur at the centre of the vertical 
face or the centre of the upper face. 	The principal tensile stress in 
terms of the normal stress and apparent shear stress is given by 
f 	f 2 
f n 
p.t.s = - 	 + Ta2 	 ............. 	 (5.16) 
1. 	If the first crack occurs at the bottom face of the beam 
£ 	£ 	
Mb 
n prb z 
Substituting f 
t 	p t.s 	 n 
for f 	and the value of £ from the above equation in 
.  
Eq. (5.16) gives 
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T
/(fprb 	+ t  





ci =  
T a 
ft 
and tanc = /
(CfM bc - 	+ prb —z 
(5.18) 
(5.19) 
2. 	If the first crack appears at the centre of the vertical side 
then 
f =f •n 	prm 
By substituting 	
= f t  and f from the above equation in Eq. (5.16) 
T can be found as 
T 	/f(f+f ) a t t prin (5.20) 
and by further substituting for T   from Eq. (5.20) in Equation (5.18) 
angle of crack becomes 
/f 
tancz = I- vf +f 
prm t 
(5.21) 
3. 	When the first crack appears on the top face, following the 
same procedure as described above t a can be found as 
(5.22) 






/ 	 bc 
/ £ +f +- v prt t 	Z 
Equation (5.21) gives the angle of crack for beams under pure torsion. 
The angle of crack for beams under low ratios of bending to torsion is 
almost equal to the angle of crack for beams under pure torsion. 	There- 
fore, for simplicity Equation (5.21) can also be used to find the angle 
of crack for beams under low ratios of bending to torsion. 
5.1.4 Cracking Moment of Prestressed Concrete Beams Under High Ratios 
of Bending to Torsion 
In beams under high ratios of bending to torsion the first crack 
appears on the bottom face. 	In these beams the cracking twisting 
moment is small, so the shear stress distribution is elastic in the 
cross-section of the beam at the time of cracking. 	Using St. Venant's 




= k 1 .bd 2 
Equation (5.17) gives the apparent shear stress on the bottom face of 
the beam at cracking. Equating the above equation to Equation (5.17) 
gives 
Mt = k1bd2 /ftCfprb - 	 ........... 	(5.24) 
Substituting 
	
	= 4 in the above equation and rearranging gives 
tc 
c2+62k1212ftMbc - k12b2d2f t prb (f 	+f t) = 0 
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Solving the above equation, M 
be  can be found as: 
Mb = -3N + /9N2+bd2NR 	 (5.25) 
where N 	= 2 k12 f t bd2 
and 	R 	
t 
The above equation gives the cracking moment of prestressed concrete 
beams under high bending moment to twisting moment ratios. 	The 
cracking bending moment for all beams under bending to torsion ratios 
higher than one in this investigation is found using Equation (5.25) 
5.1.5 	Ultimate Strength of Uniformly Prestressed Concrete Beams Under 
High Ratios of Bending Moment to Twisting Moment 
The experimental results of the author and other investigators 32 ' 52 ' 53 
show that under combined bending and torsion the prestressing wires do not 
generally reach yield at failure, especially if the prestressing wires are 
unbonded. 	Therefore, failure of these beams occurs when the compressed 
concrete fails by cleavage (tension) or shear (compression), depending on 
the magnitude of the longitudinal compressive stress. 	In beams under low 
ratios of bending to torsion, since failure occurs on the appearance of 
the first crack, the torsional stiffness of the beam is not reduced before 
failure and total rotation of the beam is small. 	So the lateral force 
normal to the reinforcement induced by this rotation is also small and can 
be neglected. 	But, under high ratios of bending to torsion the beam fails 
long after the appearance of the first crack, and excessive rotation occurs 
about a compression hinge on the top face of the beam. 	This excessive 
rotation due to twisting moment tends to bend the longitudinal reinforcement 
in the lateral direction, developing lateral forces normal to the prestressing 
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wires. 	This lateral force is negligible for the top reinforcement 
because rotation of this reinforcement about the centroid of the 
compression zone is small. 
In order to develop an expression for the ultimate strength of 
beams under high ratios of bending to torsion, the relationship between 
shear stress and compressive stress at failure in the compression zone 
must be known. 	There are several theories of failure 57 ' 16 for concrete 
under combined stresses. Any of the theories of failure can be used 
in the method of analysis for ultimate strength of the beam proposed 
in this part. 	But for two reasons Cowan's theory of failure is consi- 
dered to be more suitable. 
The relationship between shear stress and compressive stress 
is simple. 
The theory offers a physical interpretation of the mechanism 
of failure. 
For the purpose of the theoretical analysis in this part the following 
assumptions are made: 
The distribution of strain normal to the cross-section of the 
beam varies linearly with depth as shown in Fig. (5.5). 
The relationship between stress and strain for concrete in the 
compression zone is assumed to be elastic up to the cylinder 
strength of the concrete, and then fully plastic at this point. 
The idealized stress-strain curve for the concrete under 
compression is shown in Fig. (5.4). 
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centre of the top face of the beam and the shear stress on 
the cross-section at this point satisfy Cowan's criteria of 
failure. 
4. A compression hinge forms on the top face of the beam. 
S. 	The tensile strength of concrete is neglected. 
The lateral force normal to the compression steel is small 
and can be ignored. 
The crack inclination is the same on each side of the beam 
and the neutral axis is parallel to the top face. 
The ultimate strength of prestressed concrete beams under high 
ratios of bending to torsion can be found, using the above assumptions, 
and following the procedure described below. 
1. 	Referring to Fig. (5.3) and considering the equilibrium of all 
forces perpendicular to the compression zone, 
.k' .f' .n=(Ab.fb+Albflb+Af+Alfl)siny+Flcosy siny
d1 -n 




£ 	= f + 	.c.F .E pt p n 	0 p 
d 2 -n 
£ 	= 	.e.E it n 	5 
(5.26.c) 




2. 	Considering the equilibrium of all forces in the direction of 
the neutral axis 
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T'.b.l'.fl - 
(A £ +A £ +A f + siny 	pb pb lb lb Pt pt A f )cosy-r it  
H = - '.b.1'.n + (A £ +A f1 +A f +A f )coty (5.27) 
sin2y 	pb pb lb b pt pt it it 
Substituting H, from the above equation in Eq. (5.26) gives 
nb (k'f'l''t)(A £ +A 
Sifly 	 pb pb lb lb pt Pt it it  
(5.28) 
Taking moments of all forces about an axis through the centre 
of compression parallel to the neutral axis, 
External moment = Mb 5 ' + Mtcosy 
The moment of the forces in the longitudinal reinforcement = 
(AbfbiAlbflb)(d1_n)sinY+(A t fpt +Al t fl t ) (d 2 -n) sin1 
The moment of the lateral forces perpendicular to the bottom longi-
tudinal reinforcement = H(d 1 -n)cosy 
Equating the external and internal moments 
+H(d 1 -rL)cosy 	 ............. 	 (5.29) 
Substituting in Equation (5.29) the value of H obtained in 
Equation (5.27) gives 
M0siny+Mtcosy=(di_n) [(A pb pb 
f +Albflb)  (siny+cosycoty) 
11 TIb 
 .coty.n+cotycosy(A £ 	 (5.30)it it 	 pt siny 	 pt pt 
Taking moments of all forces about an axis through the centre 
of the compression perpendicular to the neutral axis. 
External moment = Mbcosy 
- Msiny 
The moment of the forces in the longitudinal reinforcement = 
[(A 	~A £ ph pb 1 
The moment of the lateral forces perpendicular to the longitudinal 
reinforcement = -H(d 1 --n) sin1 
The moment of the forces due to shear stress in the compression 
T bn2 i' zone = 
- 	(TI -s) 
Equating the external and internal moments, 
M 
b 	t 	pb pb lb 




(n - s) 	............. 	 (5.31) siny 
Substituting in Equation (5.31) the value of H obtained in 
Equation (5.27) 
M c05 	
1' -r 'bn (A f +A f b 1_Ms f _1 	pt pt it it 	inycosy)1_051 
+ (A £ +A it f it  )(d2-n)cos 	
-r'bn2 i' 'r 
- siny 	() 	 (5.32) Pt  Pt  
From Equations (5.30) and (5.32) the following expressions for 
Mb and Mt  are obtained: 
Mb = (Apbfpb+Albflb)(d1_ n) + (APtfPt +Altfl)(d2_n)_ -r t bn2 l t coty(fl_) 
(5.33) 
MOO 
M =[(A f +A £ +A £ ~A f 
l iT .b.n 
t 	pb pb lb lb pt pt it 	 1(d1-3n)+r'bn21'(n-8) 
• •ii.etI... . 	 (5.34) 
But Mb=Mt 
Substituting in the above equation the values of Mb  and  Mt 
obtained in Equations (5.33) and (5.34) and rearranging gives 
[(cotY_l)(Apbfpb+Albflb)+4cotY(Aptfpt+Altfid- 1 
1 T 'bn (d1-n) 
sin2y 
— (A Pt Pt it it f +A f )(d2-n)+t'bn2 l'(n-)(+coty) = 0 
	
(5 . 35) 
The relationship between the stresses on the vertical plane 
and y-plane, for a point at the top of the intersection line 
of these planes can be written as 
f' = £ sin2y + 2tsinycosy 	 (5.36) 
sin2y + -rcos2y 	 I •IISt• 	 (5.37) 
The relationship between T and f at failure can be found from 
Cowan's theory (see assumption 3). 	According to this theory, 
the compressed concrete may fail by cleavage (tension) or 
shear (compression). 
The critical value of f, at which the failure changes from one type 
to another, is given as 
2f 





If 	failure is a cleavage (tension) type and the relationshipcr 




if 	'cr shear (compression) failure occurs and the relationship between 
T and £ at failure is given as 
T=l 2ff ! _0•l6f2 +0•04fc 2 	 (5.40) 
12. 	According to assumption (2) 
£ = E . 
C (5.41) 
If f = Ecc<fcri combining Equations (5.41), (5.39) and (5.36) or 
(5.37) 
fl = EEsin2y+sin2y I(Ec+ft)ft 	 (5.42) 
Tt = ± sin2y+cos 2yI(E+f)f 	 (5.43) 
If £ = E.c>f'Combining Equations (5.41), (5.40) and (5.36) or  cr 
(5.37) 
= E c 	 c 
csin2 y + sin2y/0.12E 	
c f 1_016Ec2c2+0•04f 12 
	 (5.44) 
= + sin2y + cos 2y• 12Eccfc l _016Ec2c 2 +004fc t2 	(5.45) 
5.1.5.1 Solution by iteration: 
Equations (5.33) and (5.34) give the ultimate bending moment and 
twisting moment of beams under high ratios of bending to torsion. 	But, 
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there are several unknowns in these equations which must be found, 
before Mb  and  Mt  can be calculated, these unknowns being: 
b' lb' 	lt' 
The above unknowns can be found by iteration taking the following steps: 
Choose a value of c and calculate f from Eq. (5.41) 
If f<fcr'  calculate f' and T from Eqs. (5.42) and (5.43). 
If 1cr'  calculate f' and T T from Eqs. (5.44) and (5.45) 
Substitute the value of E in Eqs. (5.26.a), (5.26.b), (5.26.c), 
(5.26.d) and calculate the values of f b' lb' f pt., f 1 t in 
terms of n 
Substitute the values of £ 
pb 	lb , £ , pt 	lt f , £ , T and f' found 
above in Eq. (5.28), and calculate the value of n. 
S. 	Check whether the values of f 
pb 	lb , £ , £ pt , £ UP t' and n found 
above, satisfy Eq. (5.35) or not. If these values do not 
satisfy Eq. (5.35), select another value for c and follow the 
above procedure until the L.H.S. of the Eq. (5.35) converges 
to zero. 
By substituting the values of f b' 1b' fpt ,f and r' which satisfy 
Eq. (5.35), in Eqs. (5.33) and (5.34), Mb  and Mt  can be found. 
5.1.5.2 Simplification of the ultimate strength equations 
Simplified ultimate strength equations are desirable for the purpose 
of design. 	So in this part it is proposed to simplify some of the 
ultimate strength equations derived in (5.1.5). 	As can be seen in Figs. 
4.19 - 4.22, the compressive strain induced by bending in the top reinforce-




and Equations (5.26.c) and (5.26.d) can be written as 
f =f pt 	p (5.46) 
1  = 0 	 (5.47) 
The value of n- is small and can be neglected. 	This is equivalent to 
the assumption that the point of action of the resultant of the compressive 
stresses coincides with that of the shear stresses. Now, Equations (5.33), 
(5.34) and (5.35) can be written as 
M,0 = (APbfPb+Albflb)(d1_n)+APtf(d2_n) 	 (5.48) 
1 '1: 'bn M = [(A f +A f t 	 £ )coty- 	](d 1 -n) 	 (5.49) pb pb lb lb pt 	
sin2-y 
[(coty-l)(A f +A f )+coty.A £ - lTbn] 
pb pb lb 	 lb Pt 	
(d1_n) 
sin2 
- Atf(d2_n) = 0 	 ............. 	 (5.50) 
5.1.5.3 Beams under 	ratios less than 4 
In these beams it is assumed that the shear stress distribution is 
parabolic in the compression zone, and the distribution of the compressive 
stresses is linear. 	This assumption is supported by test results which 
show that the behaviour of the beams under 4 ratios less than 4 is not 
fully plastic. 	Fig. 5.5.a shows the assumed stress distribution on the 
inclined failure plane. 
5.1.5.4 Beams under 	ratios equal to or higher than 4 
As described in Chapter 4, the inelastic deformation is especially 
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large for beams under bending to torsion ratios equal to or higher than 4. 
This indicates that the behaviour of these beams is fully plastic. 
Therefore, it is assumed that, for beams under 	ratios equal to or 
higher than 4, the shear stress distribution is uniform in the compression 
zone, and the distribution of the compressive stresses is parabolic 
(Fig. 5.5.b). 
5.1.6 The Angle of Inclination of the Compression Hinge 
For the beams under high ratios of bending to torsion the first crack 
appears on the bottom face at an angle of a to the longitudinal axis of 
the beam. 	The angle of crack a remains constant on the sides up to about 
the neutral axis, at which point the crack inclination becomes smoother. 
The angle of inclination of the compression hinge y, is smaller than the 
angle of crack on the bottom face a, and larger than the angle of crack 
on the top face of the beam y'. 	For the beams under high ratios the 
side cracks are almost vertical, so angle y is almost equal to angle a. 
In order to find angle y it is assumed that a prestressed beam behaves 
as a plain concrete beam prior to cracking. The tensile strength of this 
plain concrete beam is given as 
Taking moments of the forces about the neutral axis on the y plane (Fig. 5.7) 
M siny+M cosy = 	(f +f sin2y) b c 	tc 	6sifly 	t pr (5.51) 
bd2 	t pr (f +f sin2 y) rearranging 	
= 6siny 
X (5.52) siny+cosy 
The value of y which minimizes Mt,  is given by 
/ 
r 	T 
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Fig. 5.7 Idealized type of crock pattern at appearance of first crack for beams under high 
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/ 	£ 
coty = - 	+ 42+l+i. 	 (553) 
5.1.7 	Ultimate Strength of Uniformly Prestressed Concrete Beams Under 
Pure Bending 
The failure of a prestressed concrete beam subjected to pure bending, 
may be initiated either through yielding of the prestressing wires or 
through crushing of the concrete. 	If the prestressing wires reach yield 
before failure, its strain can be increased without further increase in 
stress. 	Therefore, the beam can only sustain more load if the moment arm 
increases, since the tensile component of bending remains constant. 	This 
results in a reduction in the cross-sectional area of the concrete in 
compression, and consequently increases the concrete stresses until the 
concrete crushes, and the beam fails. 	In the beams which fail before 
yielding of the prestressing wires, failure occurs through crushing of 
the concrete. 	These beams are referred to as over-reinforced beams. 
In both over-reinforced and under-reinforced beams the concrete in 
compression crushes at failure. 	The following assumptions are made in 
deriving the ultimate strength equations for both under-reinforced and 
over-reinforced beams under pure bending. 
Plane sections remain plane after bending, so that the strain 
distribution, both tensile and compressive is linear. 
The maximum compressive stress at the top face of the beam at 
failure is equal to the cylinder compressive strength of the 
concrete. 
The tensile strength of concrete is neglected. 
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4. 	The distribution of stresses in the compression zone is 
parabolic. 
The relationship between the ultimate compressive strain and 
the cube strength of the concrete is as proposed by Hognestad, 
Hanson and MacHenry, 60 ' 61 and is given by 
F C 	= 0.004 - 	c _________ Cu 
57.462x10 
(5.53.a) 
5.1.7.1 Depth of neutral axis 
The depth of the neutral axis can be found by equating all the 
compressive forces and tensile forces in the longitudinal direction 
(Fig. 5.9). 
.nA f +A f 4-A c 	pb pb lb lb 	 (5.54) 
	
where f b' 1b' f and f 	can be found from Equations (5.26.a),it 
(5.26.b), (5.26.c), (5.26.d) in terms of n and e. 
d 1 -n 
1. 	if 	<f 	=f + 	.c .F pby-pb p n 	cu Esp 
the beam is under-reinforced, and the maximum value of f which is equal
pb 
to f 
pby  must be substituted in Equation (5.54) to find 
tI• 	The com- 
pressive stress in the top longitudinal reinforcement induced by bending 
is generally small and can be neglected so that 
f 
Pt 	p 	I  
=f andf =0 
Substituting the above values in Equation (5.54) and rearranging 
1.5(A •f 	+A f 	+A f) ph pby lb 	ptp 
(5.55) 
bf' C 
11 t 	 t d-p 
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2. 	If f 	>f =f + 	.c .F.E , the beam is over-reinforced. pby pb D fl 	CU 	Sp 
Neglecting the compressive stresses in the top reinforcement due to 
bending, and substituting the appropriate values of f b' lb' 
in Equation (5.54) and rearranging gives 
	
. c 	. F.E 	 . 1 l.S(A f +A b lby pt pt -A  pb Cu sp) 15A dc F.E 5 pb 	Cu 	= 0 
pbp 1 f +A f  
bf' 	 bf' 
C C 
(5.56) 
The value of E 	 in the above equation can be found from Equation (5.53.a).cu 
Equation (5.56) gives the value of n for over-reinforced beams. 
5.1.7.2 Ultimate moment 
Equating the external moments and moments of all forces about an 
axis through the centre of compression parallel to the neutral axis gives 
Mb = (Apbfpb+Albf lb)  (d1_ fl)+(Aptfpt+Al t fl t)(d2_n) 	 (5.57) 
The ultimate moment of an under-reinforced beam can be found 
by substituting f pb = £ pby' and f 1b = lby in Equation (5.57) as 
M = (A f 	+A £ 	)(d1 - ..)+A £ (d.2 - .) 	 (5.58) b 	pbpby lb lby 3 pt  
The value of n in the above equation is given by Equation (5.55) 
The ultimate moment of an over-reinforced beam can be found by 
substituting the value of £ pb from Eq. (5.26.a) in Eq. (5.57) as 
d1-n 	 Albflb 
Mb
=A(f + 	.c .F.E + 	) p n Cu 	sp Ab 	(d1- ..)+A t (d
2 	) 	( 5.59) b  
where the value of n in the above equation can be calculated from 
Eq. (5.56). 
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5.2.1 	Cracking and Ultimate Moments of Eccentrically Prestressed 
Concrete Beams Under Pure Torsion 
In the eccentrically prestressed concrete beams under pure torsion, 
the first crack appears either at the centre of the longer side or at 
the centre of the top face. 	If the ratio of the longer side to shorter 
side is large and the moment due to eccentricity is small, the first crack 
appears at the centre of the longer side, otherwise the first crack appears 
at the centre of the top face. 
The experimental results of the author, Khali1 32 and Humphreys 12 
show that the ultimate strength of an eccentrically prestressed beam under 
pure torsion, when its failure occurs on the appearance of the first crack 
on the top face and its fprt  = 0, is larger than an equivalent plain 
concrete beam. 	According to the elastic theory of torsion the ultimate 
strength of such a prestressed beam is equal to that of an equivalent 
plain concrete beam, since there is no stress at the top face. 	As a 
result of this observation it can be concluded that in eccentrically 
prestressed beams under pure torsion redistribution of the stresses 
occurs at failure. 	Therefore, it is assumed that in eccentrically 
prestressed beams, failure occurs when the principal tensile stress at 
the centre of the vertical side reaches the tensile strength of the 
concrete. 	This assumption is valid whether the first crack appears at 
the centre of the vertical side or not. 	The shear stress at failure can 
be found by equating the principal tensile stress at the centre of the 
vertical side to the tensile strength of the concrete 
Tmax 	ttprm 	 (5.60) 
where 	£ 	= f 	
= f +f prb prt 
prm Ave 2 
Similar to the uniformly prestressed beams, the ultimate twisting moment 
of an eccentrically prestressed beam is assumed to be half of its elastic 
and plastic moments. Therefore, the ultimate twisting moment of eccen-
trically prestressed beams can be found as 
tmaxb2  d 
Mt = (Mt(l t i ) + M cit .)= 	2 	(k2+1- 
= t prm +f 	) . b2 d(O.5k2+0.25-0.0833k) (5.61) 
The ultimate twisting moment of an eccentrically prestressed beam in 
terms of the ultimate twisting moment of a plain concrete beam can be 
written as 
Mtp  
M =/f+f ) =M / prm t 	t 	t t prm 	tp 	+ f 
5.2.2 Ultimate and Cracking Moments of Eccentrically Prestressed 
Concrete Beams Under Low Ratios of Bending to Torsion 
All the assumptions made for deriving the ultimate strength equations 
of eccentrically prestressed beams under low ratios of bending to torsion 
are the same as those for uniformly prestressed beams in (5.1.2). 	The 
depth of the neutral axis can be found by equating the compressive and 
tensile forces perpendicular to the compression zone 
f bd t 	2n-d 
2sincd J=(A £ +A f 	£ -n 	pb pb lb lb +A  pm pm+A f It 1t )s 	 (5.63) 
where according to assumption (4) Albflb = A 
it f it = 0 
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) 
and (A £ +A f ) = bd(f prb
+f  prt 
	
pbpb PM PM 	 2 
Substituting A 
pb pb pm pm 
£ +A f from the above equation in Eq. (5.63) and 
rearranging gives 
d[(f 	+f prt  )sin2c+f  t = 	prb 	
... 	 (5.64) 
(f 	+f 	)sin2 cz+2f prb prt 	t 
The ultimate twisting moment of the beam can be found by equating the 
external and internal moments about an axis through the centre of the 
compression zone and parallel to the neutral axis. 	Taking moments of 
the tensile forces in concrete about an axis through the centroid of the 
compression zone and parallel to the neutral axis (Fig. 5.8) 	c O )'r7/ o 
.b .d(d-n) 
3s met 
Taking moments of the forces in the longitudinal reinforcement cjcv€ 
n 
[ fpbApb@1_ ) + f A (d 3 - 
3
—)]slnct 
PM PM  
Equating the external and internal moments gives 
A (d 3 - 
 
Mbsina+Mtcosct=[fPbAPb(dl_ 3 	pm pm 	
-)]s1nct 
+ 	3sinet 
Substituting Mb =t in the above equation and rearranging, 
n 	 n 
—)slnct+ 
 Mt = _________ 	




 3 	 3sinet 
—) ] 
(5.65) 
Eq. (5.65) gives the ultimate twisting moment of eccentrically prestressed 
beams under low ratios of bending to torsion, where 'n' can be found from 
WE 
Eq. (5.64) and a is given by Eq. (5.21). 	The ultimate twisting moment 
of eccentrically prestressed beams under low ratios of bending to torsion 
can also be found from Eq. (5.61). But, the smaller value of Eq. (5.61) 
and Eq. (5.65) is the ultimate twisting moment of the beam. 
5.2.3 	Ultimate Strength of Eccentrically Prestressed Concrete Beams 
Under High Ratios of Bending Moment to Twisting Moment 
In order to derive an expression for the ultimate strength of eccen-
trically prestressed concrete beams under high ratios of bending to torsion 
a number of assumptions are required. 	These assumptions are in common 
with those made in (5.15) for uniformly prestressed beams. 	In addition, 
it is assumed that the lateral forces perpendicular to the tensile rein-
forcement at the bottom and middle of the beam are equal. 
Referring to Fig. 5.6 and considering the equilibrium of all 
forces perpendicular to the compression zone, 
pb pb lb lb pm pm 
b 
siny .k'.f'.n=(A f +A f +A f +Aifit)siny+Hcosy 	(5.66) 
Considering the equilibrium of all forces in the direction of 
the neutral axis 
l'r 'b 
H 	- 	.n+(A £ +A f +A f +A f )coty 	 (5.67) pb pb lb lb pm pm it it 
Substituting H, from Eq. (5.67) in Eq. (5.66) 
L (k'f'+i't'coty)=(A b £ +A f +A f )(cotycosy+siny) (5.68) siny 	 blb lb pm pm it it 
Taking moments of all forces about an axis through the centre 
of compression parallel to the neutral axis 
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Moments of the forces in the longitudinal reinforcement = 
(Apbfpb+Albflb)(dl_n)siny+A £ (dpm pm 3n)siny+Altflt(d2_n)siny 




Equating the external and internal moments 
d 1 +d 3 
+ H( 	
2 	
- 	n)cosy 	 ............. 	 (5.69) 
5. Taking moments of all forces about an axis through the centre 
of compression perpendicular to the neutral axis, 
Moment of the forces in the longitudinal reinforcement = 
[(A 
pb pb f +Albf lb)  (d1_n)+A pm pm £ (d3_n)+Aitf1(d2_n)Jcosy 
Moment of the lateral forces perpendicular to the longitudinal 
reinforcement = 
d 1 +d 3 
- H( 2 
	
- n)siny 
Moment of the forces due to shear stress in the compression zone = 
siny 
Equating the external and internal moments 
M 
b 	t 	pb pb 




Aitfit(d2_n)JcosY_H( 2 - n)sin-r- Siny 	 (5.70) 
From Equations (5.70) and (5.69) Mb  and  Mt  can be found as 
M b=  (A   pb pb lb lb 	pm pm f +A f )(d1-n)+A £ (d3_r3n)+Altfit(d2_13n)_Ttbn2lcoty(n_) 
(5.71) 
1 IT 'bn d1+d3 
Mt=[(Abfb+Albflb+Af+Aitfit)coty_ 	 2 	
- n) 
+T'bfl2l'(fl-) 	 ............. 	 (5.72) 
From Eqs. (5.71) and (5.72) the following equation can be found 
[(coty-l)(A f +A f )+Coty(A f +A 	l'T'bn](d1..fl) pb pb 1bib 	 pm pm it 
2sin2y 
+ [coty(A f +A f1 +A f )+(qcoty-l)A £ 	1Tbn pb pb lb b it it 	 pm pm 2sin2y J(d3-n) 
- Altflt(d2_8n)+T'bn2l'(n_)(+coty) = 0 
	
(5.73) 
The ultimate strength of eccentrically prestressed concrete beams can be 
found from the above equations, and Eqs. (5.36), (5.37), (5.42),(5.43), 
(5.44) and (5.45) by iteration as described in (5.1.5.1) for uniformly 
prestressed beams. 	The compressive stress induced by bending in the 
top reinforcement is small and can be neglected, therefore, f 	 = 0.it 
The value of n- is also small and can be ignored. 	Now, Equations 
(5.71), (5.72) and (5.73) can be simplified as 
Mb = (Apbfpb+Albflb)(d1_n)+A pm pm 
f (d 3-n) 	 (5.74) 
l't'bn d 1 +d 3 
pb pb lb lb pm 
Mt = [(A f +A f +A f 
pm 
 )coty- 	
2 	- n) 	(5.75) sin2y 
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[(coty-l)(A £ +A lb 
	otyA £ - 
1 TbnI(d1n) 
pb pb lb 
pm pm 2sin2y 
[cot'y(A f +A £ )+(coty-l)A £ - lTbn pb pb lb lb 	 pm pm 2sin2y ](d 3 -n)=p 	(5.76) 
The shear stress distribution is assumed to be parabolic in the beams 
under ratios less than 4 and uniform in the beams under ratios equal 
to or higher than four. 	It is also assumed that, if the ratio of bending 
to torsion is less than 4 the distribution of the compressive stresses 
will be linear, otherwise it will be parabolic. 	Therefore, 
If 	< 4 	1' = 	 k' = = 
If 	> 4 	1' = 1 	k' = - 	= 
5.2.4 	Ultimate Strength of Eccentrically Prestressed Concrete Beams 
Under Pure Bending 
The assumptions made for deriving the ultimate moment equation of 
eccentrically prestressed concrete beams under pure bending are the 
same as those made for uniformly prestressed beams in (5.1.7). 	The 
depth of the neutral axis can be found by equating all the compressive 
forces and tensile forces in the longitudinal direction 
2 	 d1-n 	 d1-n 
- b.f' .n = A (f + 	. .F.E )+A ( 	.c .E ) 3 c 	pb p1 n cu 	sp lb n cu $ 
d3-n 	 d2  -n 
+ A (f 2 	.c 	.F,E )+A ( 	.e 	.E ) pm p n Cu sp 	it fl 	Cu s (5.77) 
The depth of the neutral axis can be found from Eq. (5.77) provided that 
the longitudinal bars do not reach yield at failure. 	Using the depth 
of the neutral axis found from Eq. (5.77), the stresses in the longitu- 
dinal reinforcement can be found. 	If the stress in any of the longitudinal 
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bars exceeds its yield stress, the value of the yield stress of this bar 
must be substituted in Eq. (5.77) and the depth of the neutral axis 
calculated again. 	Equating the external moment and moments of all forces 
about an axis through the centre of compression parallel to the neutral 
axis 
d 1 -n 	 d1-n 
Mb = [Apb(f+.c .F.E )+A ( 	.c .E fl(d 1 -n)+ fl 	cu 	sp 	lb fl 	CU S 
d 3 -n 	 d2-n 
[A (f +. c 	.F.E )](d3-Bn)+A ( 	.c 	.E )(d2-t3n) 	(5.78) PM P2 	n cu S 	 it fl 	CU S 
Equation (5.78) gives the ultimate bending moment of over-reinforced 
beams. 	The ultimate bending moment of under-reinforced beams can be 
found by substituting the yield stress of those longitudinal bars which 
yield, in Eq. (5.78). 	The ultimate bending moment of eccentrically 
prestressed beams with stirrups can also be found from Eq. (5.78), since 




ULTIMATE STRENGTH OF RECTANGULAR PRESTRESSED CONCRETE BEAMS 
WITH STIRRUPS UNDER COMBINED BENDING AND TORSION 
6.1 	INTRODUCTION 
In this Chapter the theory which was developed in Chapter 5 for 
ultimate strength of prestressed concrete beams without stirrups is 
further extended for prestressed concrete beams with stirrups. 	The 
Chapter consists of two parts, the first part deals with uniformly 
prestressed beams with stirrups and the second part is concerned with 
eccentrically prestressed beams with stirrups. 
Similar to prestressed concrete beams without stirrups prestressed 
concrete beams with stirrups are divided into four groups i.e., beams 
under pure torsion, beams under low ratios, beams under high ratios, 
and beams under pure bending. 	Ultimate strength equations of the 
first three groups are derived in this Chapter. 	The ultimate strength 
equation for a prestressed beam with stirrups under pure bending is not 
given since it is the same as that for a prestressed concrete beam 
without stirrups. 	The cracking moment of a prestressed concrete beam 
is not affected by the presence of stirrups since the strain in the 
stirrups is very small at cracking. 	Therefore, the cracking moment 
equations for prestressed concrete beams without stirrups presented in 
the previous chapter can be used for prestressed concrete beams with 
stirrups. 	For the same reason the angle of crack is not influenced by 
the presence of the stirrups, so to avoid repetition, expressions for 
cracking moment and angle of crack are not repeated in this Chapter. 
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6.1.1 	Ultimate Strength of Uniformly Prestressed Concrete Beams with 
Stirrups Subjected to Pure Torsion 
The ultimate strength of a uniformly prestressed concrete beam with 
stirrups under pure torsion is assumed to be equal to the sum of the 
ultimate twisting moment of the uniformly prestressed beam without 
stirrups and the moment resisted by the web reinforcement intersected 
by the failure crack on the side of the beam where the first crack 
appears. 	Experimental results show that all the vertical legs of the 
stirrups intersected by the crack do not reach yield at failure due to 
the sudden nature of the failure. 	Therefore, it is assumed that only 
half of the vertical legs of the stirrups intersected by the crack 
reach yield at failure. 	Because the strain in the longitudinal 
direction is very small in beams under pure torsion the longitudinal 
mild steel bars do not contribute to the torsional strength of the beam. 
The torsional resistance of the vertical legs of the stirrups inter-
sected by4failure crack is given by (Fig. 6.1). 
= 28 Cotabd A  
ts 2 5 	 S5 
(6.1) 
Since an integral number of stirrups can only contribute to the torsional 
strength of the beam, the factor 0.8 was introduced in the above equation. 
The ultimate strength of a uniformly prestressed concrete beam without 
stirrups is given by 
Mt = /ft t pr 
f (f +f ).b2d(O.5 K2 + 0.25 - 0.0833 K) 
The ultimate twisting moment of a uniformly prestressed concrete beam 
with stirrups can now be found by combining the above equation and 






Fig. 5.1 Failure crack under pure torsion or lo 	ratios for urThrmy presreE.ed bcor: 
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Mt 	 t 
(f 
 t 	
. = b2d(O.5K2+O.25O.O833K)/f 	+f 
pr ) 
	cotc b d A 
s 	s s 
+O.4 	 £ 	(6.2) 
The torsional strength of all uniformly prestressed beams with stirrups 
under pure torsion in this investigation is calculated from Eq. (6.2) 
6.1.2 	Ultimate Strength of Uniformly Prestressed Concrete Beams with 
Stirrups under Low Ratios of Bending to Torsion 
Prestressed concrete beams with stirrups under lo'..' 	ratios are 
defined as beams which fail on the appearance of the first crack if no 
stirrups are present. 	In order to derive the ultimate strength 
equations, in addition to the assumptions made in 5.1.2, it is assumed 
that the web reinforcement intersected by the failure crack on the 
bottom of the beam where the first crack appears reaches yield at 
failure. 	The vertical legs of the ties intersected by the failure 
crack have little effect on the ultimate strength of the beam because 
the depth of the neutral axis is large. 	It is also assumed that the 
failure of prestressed concrete beams with stirrups under low ratios 
occurs when the principal tensile stress normal to the crack at the 
level of the bottom leg of the stirrups reaches the tensile strength 
of the concrete (this assumption is a modification of assumption 3 in 
5.1.2) 
6.1.2.1 	Depth of Neutral Axis 
Neglecting the effect of the vertical legs of the stirrups and 
equating the compressive and tensile forces perpendicular to the 
compression zone, the depth of the neutral axis can be obtained 
referring to Fig. 6.2. 
C-T = F1+F2+F3 	 (6.3) 
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T =t (d-d-n) sinc 2 	S 
F1+F2+F3=(f Pt . A t pb +f .A pb )
s in+O . 8C 0 t 	
s.f s s A Cosa  
= f bdsincL+O.8C0t 	£ A cosc pr 	 s S  
Substituting the values of F1+F2+F3, C and T from the above equations 
in Eq. (6.3) and rearranging 
(d-d) [f rbdsin2 s+0.8C0s2ctVf A5-I-O.5fb(d_d)s] 




£ sin2cibd.s+O.8cos2aV s s t 
	S 
f A +f b(d-d ).s 
6.1.2.2 	Ultimate Strength 
The ultimate twisting moment of the beam can be found by equating 
the external and internal moments about an axis through the centre of 
the compression zone and parallel to the neutral axis 
External moment = Mb sincL+Mcosa 
Referring to Fig. 6.2 the moment of the tensile forces in the concrete 
is given by 
f(d_ )(d-d-n) .b 
3s inch 
Moment due to the force in the longitudinal reinforcement and bottom 
leg of the stirrups = 
ptApt2_ 	
n 	O.8CotoV.f A (d-d !1)Co sa )+f A (d 1 )]s1nc+ pbpb T s 	 s3 
= f bd(d2+d1-..!i) 508CotcLb  f A (d-d -)Cosc pr 5 	SS 	s3 
Wel 
Equating the external and internal moments gives 
Mb 	t sifl+MCosafbd(d2 +d l .4!i)sina+O.8C0ta bf A (d-d _!!)Co sa 
S 	s 	s3 
f(d_d 5)(d_d 5-i) .b 
+ 	 - 	 165 3sincx 	 . 	 . . I  
Substituting MbMt  in the above equation and rearranging gives 
Mt = Cosa+ 	
[O.5f bd(d 	2n 	____ 
sina 	pr 	
2+dl__--)Slfl ~O.8Cta bf A (d-d 5 -)Cosa 
5 	SS 
f_d5) (d-d5-n)b 
3sinc 	 (6.6) 
Equation (6.6) gives the ultimate twisting moment of a prestressed 
concrete beam with stirrups under low ratios. 
6.1.3 	Ultimate Strength of Uniformly Prestressed Concrete Beams with 
Stirrups under High Bending Moment to Twisting Moment Ratios 
In deriving the ultimate strength equations for uniformly prestressed 
concrete beams with stirrups under high ratios, in addition to the 
assumptions made in (5.1.5), it is assumed that all the web reinforce-
ment intersected by the failure crack in the urcomprlpart of the concrete 
yields at failure. 
Referring to Fig. 6.3 and considering the equilibrium of all 
forces in the direction of the neutral axis 
Tblfl 
+ HSin = (A f +A f +A f A f 	
0.8f A 




n~ (A £ +A £+A £ 	f 	0t 
Sin2y 	pb pb Pt pt lb lb 
1i1 - 	 s S 5bCota (6.7) 
Considering the equilibrium of all forces perpendicular to 
the compression zone 
0. 8A f 
•b nkf = (A f +A f+Aptfpt+ it it Af)S1+_s Sc0c Sifly 	 pb pb lb lb 	 osy 
+ HCosy 	 . . . . . . . . . . . . . 	 (6.8) 
Substituting H from Eq. (6.7) in the above equation gives 
nb (kf+lTCoty) = (A f +A £ -'-A £ + it itA f )(Cot'cosy Siny 	 pb pb 1b lb pt pt  
-'-Siny) 	 .. 	 (6.9) 
Taking moments of all forces about an axis through the centre 
of compression parallel to the neutral axis, 
Moment of the forces in the horizontal 	leg of the 
stirrups = 
0.8A f s s 
S 	
(d-d-n)b'cotct Cosy 






Moment of the forces in the longitudinal reinforcement = 
Moment of the lateral forces perpendicular to the bottom 
longitudinal reinforcement = H(d1-n)Cosy 
Equating the external and internal moments 
MbSinY+MCosY=(APbfPb+Albf lb)  (d1_8fl) 5 iny+(A f t Pt+A  it 
0.8Af 	 f  
SS(ddsn) 	 ss (d2 -n)Siny + 	 - - VCotcxCosy + 0.2 	b 2 (Coty S 	 S 
-Cotcx) 2 Sin1 + H(d1-n)Cosy 	 .... 	(6.10) 
Taking moments of all forces about an axis through the centre 
of compression perpendicular to the neutral axis, 
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External moment = MbcosyMtsiny 
Moment of the forces in the horizontal part of the stirrups = 
0.8A f s  
(d-d -n)bcotc siny 
Moment of the forces in the longitudinal reinforcement = 
(Apb fpb+Aibfib)(d1_ 8n)cosY + (Aptfpt +Al t fl t)(d2_n)cosy 





Sb_2(coty_cota)(. 	 -y-cota jncos 
- 	 2 	
)cosy 
Moment of the forces due to shear stress in the compression zone = 
rbn2 l 
- 	 siny 
Moment of the lateral forces perpendicular to the longitudinal reinforce-
ment = -H(d 1 -n)siny 
Equating the external and internal moments 
MbcosyMt 	pb pb lb lb 	 pt pt it it 
siny = [(A f +A £ )(d1-n)+(A f ~A £ )(d2-13n)}cosy 
A £ b 2 TThfl2 l _____________ 






- 	 2 	 5 
6. 	Substituting in Eqs. (6.10) and (6.11) the value of H obtained 
from Eq. (6.7) and solving these equations for 	and Mt  gives 
M 
b =  (A   pb pb lb lb 	 pt Pt it it f +A f )(d1-3n)+(A f +A £ )(d2-n)-rbn2lcoty(-
a)  
LA 	 0.4Af ss 
+ 0.2 b2(Coty-Cota)2- 	S Sb 2 (Coty_Cotc)Coty 	 (6.12) S 	 S 
lrbn 0.8f A 
Mt 	[(A f +A f +A £ +A £ )Coty 	
s__ 
pbpb ibib pt pt ltlt 
Sin21 
0.8A £ 
(d 1 -n) + T'bfl21(fl-) + 	







b (Coty-CotcL) 	 ..... 	 (6.13) 
Combining Eqs. (6.12) and (6.13) gives 
[(A pb pb 1b f +A 	lb) ( 	 Pt 






pt pt +A - (A £ +A1tfi)(d2_n) + Tbfl2 (fl-) 
AL 	 0.8Af 
(Coty+) + 0.2_S Sb2(Coty_Cota)(2+Coty+Cota) + 	S S 
S 	 S 
(d-d-n)b'Cotcx.c = 0 	 (6.14) 
7. Angle a in term of angle y can be found as 
bC 0 ty 
COtct2d2b 	 ...... .,. 	 (6.15) 
The ultimate strength of uniformly prestressed concrete beams with 
stirrups can be found from the above equations and Eqs. (5.36) 0 (5.37), 
(5.42)(5.43), (5.44) and (5.45) by iteration. 
Eq. (6.15) involves the term 'n', which can be found from Eq. (6.9) 
after selecting the value of c. 	In order to simplify the design 
equations angle a is replaced by angle a". Angle all can be found from 
Eq. (6.16) this equation has the advantage that it does not involve the 
term tt 
 bCoty Cot all = 2d+b 
	 (6.16) 
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To compensate for the difference between Cotc and Cotc" (Cotc is larger 
than Cota") the factor 0.8 is omitted from the design equations. 	As 
can be seen in Figs. 4.19-4.22, the compressive strain induced by bending 
in the top reinforcement is very small and can be neglected so that 
f pt 	p 	it 
=f and £ =0 
The value of 	is small and has no significant effect on the ultimate 
strength of the beam and can also be neglected. 	Now Eqs. (6.12), (6.13) 
and (6.14) can be simplified and written as 
f  s 
Mb = (APbfPb+Albf  lb)  (d1_n)+APfP(d2_n)  4s s V2(Coty-Cot&')2 
Al 




Tbn 	L A s s 
M 	[(A f +A £ +A £ )Coty 	 b
_ 













f  - 	
S bcot&'J(dl_n)_A tf(d2_ 8n) + 
Al 	 AL 
Ss 
	
V (Coty-CotcL" 	 t&' )(2 ~Coty+Co) + 	(d-d -n)bCotcz"0 	(6.19) 4s 	 S 	S 
The ultimate strength of uniformly prestressed beams in series A and C 
under high ratios (in this investigation the beams under ratios higher 
than one) is found using Eqs. (6.16), (6.17), (6.18), and (6.19). 
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6.2.1 	Ultimate Strength of Eccentrically Prestressed Concrete Beams 
with Stirrups Under Pure Torsion 
The ultimate strength of eccentrically prestressed concrete beams 
with stirrups under pure torsion is assumed to be equal to the sum of 
the ultimate twisting moment of the beam without stirrups and the 
moment resisted by the web reinforcement intersected by the failure 
crack on the side or the top face of the beam (depending on whether 
the beam fails in Mode 2 or Mode 3) where the first crack appears. 
Only a proportion of the ties intersected by the failure crack reach 
yield at failure (due to the sudden nature of failure). 	So it is 
assumed that half of the vertical or horizontal parts (depending on 
which mode of failure occurs) of the stirrups intersected by the crack 
reach yield at failure. 	The torsional resistance of the vertical or 
horizontal parts of the stirrups intersected by the failure crack is 
given by (Fig. 6.4) 
Cotcbd 
0.4 	 .... 	 (6.20) 
The ultimate strength of eccentrically prestressed beams without stirrups 
is given by 
Mt = 4tt+fprm ) 2 05k2+025_0833k) 	 (6.21) 
Combining Eqs. (6.20) and (6.21), the ultimate twisting moment of eccen-
trically prestressed concrete beams with stirrups can be found as 
Mt = b2 d(0.5k2+0.25_0.0833k)/f (f +f 	) + 0.4 
Cotabd 
 A f (6.22) t t prm s 	s  
The ultimate twisting moment of all eccentrically prestressed beams with 
stirrups under pure torsion (whether the failure was in Mode 2 or Mode 3) 
EdhJ 
Mb' \ M 
Fd!ure crack 
\b First  cr a c/N  Top face M b 
d 	 \\\\ 
Fig. 6.4 Failure crock under pure torsion or tow ratios for eccentrically prestressed beams 
in this investigation is found from Eq. (6.22) 
6.2.2 	Ultimate Strength of Eccentrically Prestressed Concrete Beams 
with Stirrups under Low Ratios of Bending to Torsion 
The assumptions made for deriving the ultimate strength equations 
of eccentrically prestressed beams with stirrups under low ratios are 
the same as those made for uniformly prestressed beams with stirrups. 
The depth of the neutral axis can be found by equating the compressive 






2Sincz d-d d+d +n)) 	(A £ +A fl +A f i-A f 14 n s pbpb lb  b pmpm it A. )Sinc 
+ 0.8 Cotctb  f A Cosa ...........,. 	 (6.23) 
	
5 	S5 
But Albflb = A1fit = 0 
bd(f 
and A £ +A f = 	prbi- 
f 
 prt) = bdf pbpb pm pm 2 	 prm 
Substituting A 
pb pb pm pm f +A £ from the above equation in Eq. (6.23) and 
(d_d s )[fprmbdSin2a.s+0 . 8Cos 2 chb •'f sA s +O.Sftb(d_d s )s] 
rearranging gives n 
f 
prm 	 s s t 	S 
bdSjfl 2 a.s+O.SCos 2 abf A +f b(d-d )s 
............. 	 (6.24) 
The ultimate twisting moment of the beam can be found by equating 
the external and internal moments about an axis through the centre of the 
compression zone and parallel to the neutral axis. 
Moment of the forces in the longitudinal reinforcement = 
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Fig. 6.6 Faiure surface for eccentrically prestressed beams with stirrups under high c4 ratios 
[fpbApb(cu14)+f A (d 3 i)]5incx pmpm 	3 
Moment of the tensile forces in the concrete = 
f(d_d 5 ) (d-d - n)b 
3S inc 
Moment of the forces in the bottom leg of the stirrups = 
o .8Cotab f A (d-d!i)CoscL 
S 	 S 	s3 
Equating the external and internal moments gives 
Mbsinc+MtCoscx [ fPbAPb(d1_ . 3 )+fpm Apm (d 3 - 3 )jSina 
ft( 5 d 	-n)b 	CotcLb  
3Sinc +0.8 	5 	f s s 	S - 3 
A (d-d 	)Cosc 	 (6.25) 
+ 
Substituting MbMt  in the above equation and rearranging gives 




+ 0.8 s 
	f5A 5 (dd 5 0333n)Cosa] 	(6.26) 
6.2.3 	Ultimate Strength of Eccentrically Prestressed Concrete Beams 
with Stirrups under High Bending Moment to Twisting Moment Ratios 
In order to derive the ultimate strength equations for eccentrically 
prestressed concrete beams with stirrups under high ratios in addition 
to the assumptions made in (5.2.3) it is assumed that all the web reinforce-
ment intersected by the failure crack in the uncompressed part of the 
concrete yields at failure. 
1. 	Referring to Fig. 6.6 and considering the equilibrium of all 
forces in the direction of the neutral axis 
H = - lTb n+(A f +A f +A
O.8f A 
Sin21 	ph ph pm pm lb lb itfit)c0t1 
- 	5s Svc0 	(6.27) 
Considering the equilibrium of all forces perpendicular to the 
compression zone 
bO.8Af ss osy+ 	.b'CotaCosy fTh=(A f +A f +A £ 	 }JC Sin1 .k 
	
pb pb lb lb pm pm+A £ it it )Sin''+  
•1 	 (6.28) 
Substituting H, from Eq. (6.27) in the above equation gives 
nb (kf+lTCOty)=(A f +A flbpmfpmltflt)0t1C01 	+Siny) Sin1 	 pb pb lb 
(6.29) 
Taking moments of all forces about an axis through the centre 
of compression parallel to the neutral axis, 
Moment of the forces in the longitudinal reinforcement = 
(Apbfpb+Albflb)(d 1_n)SinY+AP f(d3_n)Siny+Alfl (d2_Bn)Siny 
Moment of the lateral forces perpendicular to the tensile 
reinforcement = 
d 1 +d 3 
2 	- n)Cosy 
Moment of the forces in the horizontal part of the stirrups = 
O.8A £ s  
(d-d - -n)bCotaCosy 







Equating the external and internal moments 
MbSiny+MtCosy=[(A pb pb £ +Albflb)(d1_n)+A pm pm 	it it 
f (d-8fl)+A f (d2-t3n)JSiny 
	
d1+d3 	 0.8A £ 	 A £ ____ ss I 	 _____________________________ +H( 2 - n)Cosy (d-d-n)bCotaCosy+O.2 S 	2(Coty_Cota)2Sjnys 	 S 
(6.30) 
S. 	Taking moments of all forces about an axis through the centre 
of compression perpendicular to the neutral axis, 
Moment of the forces in the longitudinal reinforcement 
[(Apbfpb+Albf lb)  (d1_n)+A pm pm £ (d3_n)+Altflt(d2_2n)Jcosy 
Moment of the lateral forces perpendicular to the longitudinal 
reinforcement = 
d1+d 3 
-H( 2 	- n)Siny 
Moment of the forces due to shear stress in the compression zone = 
tbn2 
- siñ 
Moment of the forces in the horizontal part of the stirrups = 
0.8A £ 
s s 
5 	(d-d-3n) .b.CotczSiny 
Moment of the forces in the vertical parts of the stirrups = 
- 0.4A5f5 	
1 	COty-Cota 
s SinyCosy  - 	2 	)Cosy 
Equating the external and internal moments 
MbCosy_MSiny=[(Apb pb f +Albflb 	 pm pm 	it it )(d1_n)+A £ (d3-n)+A £ (d2-n)]Cosy 
0,4A f 
________ 	 ____________ 	 ____________ 	 1 
d1+d3 




8A Coty-Cota 	0. S f  
2 	)Cosy 	 (d-d 5-n).bCotaSiny 	 (6.31) S 
From Eqs. (6.30) and (6.31) mb  and Mt  can be found as 
Mb = (Apbfpb+Albfib)(d1_n)+A pm pm 
f (d 3 -f3n) 
f  




b 	(Coty-Cota)Coty 	 ............. 	 (6.32) 
1 T "bn M =[(A f +A f +A £ +A £ it )Coty t 	 m pb pb lb lb p pm it 
Sin21 
0.8f A 	d 1 +d 3 
- 	S 5 S_0] 	
2 - n) + Tbfl2 l(fl-) 
0.8A 
s s 





Sb2(CtCt) 	 (6.33) 
Combining Eqs. (6.32) and (6.33) gives 
-  





S 	 pb pb 
S
5bCota](d1-n)+{Coty(A £ +Albflb+Aifit) 
0.4f A bCotcz 
+ (Coty-l)A £ 	- iTbfl - 	SS 	_](d3-8n) 
pm pm 2Sin2y S 
- Ait flt(d2_n)+TThn2 l(n_) (+Coty) 
A  
+ 0 • 2 _Sb_2 (Coty-Cota) (2+Coty+Cota) 
S 
0.8A £ 
+ 	s S_5 (dd 	n)bCotaq = 0 	• 	......... 	(6.34) 
The ultimate strength of eccentrically prestressed concrete beams 
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with stirrups can be found from the above equations and Eqs. 
(6.15), (5.36), (5.37), (5.42), (5.43), (5.44) and (5.45) by 
iteration. 
By substituting O.8Cota=Cotc", ri-13 = 0 and Elt0 in Eqs. (6.32), 
(6.33) and (6.34) these equations can be simplified as 
LA 
M 	(A £ +Albflb)(d1_n)+A £ (d3-8n) SSb_2(cotcot ,I)2 b pbpb 	 pm pm 
A  - 	
V2(Coty-Cota")Coty 2s 	 (6.35) 
1 T bfl 	s s 
f A 	d 1 +d 3 
Mt 
	
	pb pb lb lb pm pm = [(A f +A £ +A £ )Coty - 	 bCot&'] 
Sin21 - ____ _____ 
A s s f 	 A  
+ 	(d-d _n)bCot&t+!V 2  (Coty-Cotc") 	 (6.36) S 	S 	 2s 
[(Coty-l)(A f +Albflb)+3CotyA f 	
- lrbn 
pb pb 	
pm pm 25in21 
£ s s A bCotc"4 
- 	2s 
+ (.Coty-1)A f 	- lTbfl 	
I 
- S A S  b Cota" 
PM pm 2Sin2y 2S 
A  
(d 3 -n)-i- 	Sb_2(CotYCotatI)(2q+Cot Cot") 
45 
AL 
S  + -i-- (d-d-ri)bCot" = 0 	 ........... 	 (6.37) 
The ultimate strength of eccentrically prestressed beams with 
stirrups under high ratios in this investigation is calculated from 
Eqs. (6.35), (6.36) and (.37) 
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CHAPTER 7 
ULTIMATE STRENGTH OF PRESTRESSED CONCRETE BOX BEAMS UNDER 
COMBINED BENDING AND TORSION 
7.1 	INTRODUCTION 
This Chapter is concerned with a theoretical analysis for predicting 
the ultimate strength of prestressed concrete hollow beams under combined 
loading. 	Due to the similarity between the behaviour of prestressed 
concrete hollow and solid beams, prestressed hollow beams are divided into 
the same four categories as prestressed solid beams. 	The theory developed 
in this Chapter for prestressed concrete hollow beams takes into account 
the effect of dowel forces on the ultimate load carrying capacity of the 
beams under high ratios and is an extension of the theory developed for 
prestressed solid beams. 	To avoid repetition, only the ultimate strength 
equations for prestressed hollow beams without stirrups are derived. 
Ultimate strength equations for prestressed hollow beams with stirrups can 
be derived in a similar way to that of beams without stirrups but taking 
into account the effect of stirrups, as described for prestressed solid 
beams with stirrups in Chapter 6. 
7.2 	ULTIMATE STRENGTH PRESTRESSED CONCRETE HOLLOW BEAMS SUBJECTED TO 
PURE TORSION 
The ultimate twisting moment of a prestressed concrete hollow beam 
under pure torsion is assumed to be equal to the ultimate twisting moment 
of an equivalent solid rectangular beam minus the ultimate twisting 
moment of the core. 	The ultimate twisting moment of a rectangular solid 
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beam as was described in Chapter 5 is half of the sum of the elastic and 
plastic torsional moments of the beam. 	The ultimate torsional moment 
of a solid rectangular beam is given by 
M(so1id) = T max b2d(0.5k2+0.25-0.0833k) 
The ultimate torsional moment of the core is given by 
M(core) = i max c C b 2d (O.5k2+0.25-0.0833k) 
So the ultimate twisting moment of a prestressed concrete hollow beam 
can be written as 
M
t 
 = T max 	 c c 	2C
+0.25 -0.0833k  [b2 d(O.5k2
~0.25 -O.0833k) - b 2 d (0.5k 	 )] 	(7.1) 
where 
/f(f+f 
) max 	t t AVe 
The ultimate torsional moments of the prestressed concrete hollow beams 
under pure torsion given in Tables 8.21-8.23 are found using Eq. (7.1) 
7.3 ULTIMATE STRENGTH OF PRESTRESSED CONCRETE HOLLOW BEAMS UNDER LOW 
RATIOS OF BENDING TO TORSION 
Hollow prestressed concrete beams under low ratios of bending to 
torsion are defined as beams which fail on the appearance of the first 
crack. 	In deriving the ultimate strength equations for prestressed 
concrete hollow beams under low ratios the same assumptions are made 
as those made for solid beams in (5.1.2). 
7.3.1 	Depth of Neutral Axis 
The depth of the neutral axis can be obtained by equating the compres- 
sive and tensile forces perpendicular to the compression zone. 	Referring 
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A.f 	.sinct + 
sinc 	 AVe 
	
t(2_t_)(2t)t+(d_n)tt 	
............. 	 (7.2) 
if 	
S ma 
Rearranging and simplifying Eq. (7.2) 'n' can be found as 
AVe .A.sin2 ad+d2 .t+d.t(b-2t) 
n = 	
AVe 	
............. 	 (7.3) 
2t(b-2t)+ £ .Asin2a+2dt 
t 
7.3.2 	Ultimate Strength 
The ultimate twisting moment of a prestressed concrete hollow beam 
can be found by equating the external and internal moments about an axis 




sina ~co 	{[f A (d 1 -n)+f A (d2-n)]sina sct pbpb 	pt pt 
2d-2n-t 
 
{d-'(d-n)-8n}} 	 (7.4) + 	
-- 	 sina 
The values of and V in Eq. (7.4) unlike the values of 	and 	for 
solid beams are not constant and depend on the section properties of 
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Fig 7. 2 Stress  distribution in prestressed concrete hollow beams under low 	ratios 
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7.3.3 	Evaluation of 	and ' 
The distance between the centroid of the compressive forces in 
rectangle a'b'c'd' and the line Y-Y Fig. 7.2 can be found in the 
following way 
ft. 	• 	t + 	. f'.t. 	= [f'. - . - + !1! . 	. t].m n 2 . 	 2 	n 	ff 
Rearranging and simplifying the above equation gives 
- 3nt - t 2 
m- 6n-3t 
Using the above expression, the distance between the centroid of the 
compressive forces in the upper part of the beam and the neutral axis 
can be found: 
	
f' 2n-t 3nt.-t 2 	 n - 










By substituting (d-n) for n in the above equation the distance between 
the centroid of the tensile forces in the lower part of the beam and the 
neutral axis can be obtained: 
(d-n)(l-') a 
2(d-n)-t 6(d-n) 2 -6t(d-n)-i-2t 2 (b-2t) 	
d-n 	 6(d-n)-3t 	
+ (dn) 2 
2(d-n)-t (b-2t) 	d-n ]+2(d-n) 
(7 . 6) 
The ultimate strength of a prestressed concrete hollow beam under low c 
ratios can be found by taking the following steps: 
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 Calculate the depth of the neutral axis 	'n' 	from Eq. 	(7.3) 
 Substitute the value of 'n' in Eqs. (7.5) 	and 	(7.6), and find 
the values of B and B' 
Substitute the values of n, B and B' found above in Eq. (7.4) 
and calculate the ultimate torsional moment of the beam. 
7.4 	ULTIMATE STRENGTH OF PRESTRESSED CONCRETE HOLLOW BEAMS UNDER 
HIGH RATIOS OF BENDING MOMENT TO TWISTING MOMENT 
The ultimate strength of prestressed concrete hollow beams under 
high ratios can be calculated in a similar way to that for solid beams, 
as described in Chapter 5, if the neutral axis does not intersect the 
hollow part. 	If the neutral axis intersects the core the beams must be 
considered as divided into two groups: (1) beams under ratios less than 
4; and (2) beams under ratios equal to or higher than 4. 
7.4.1 	Beams under q Ratios less than 4 
In these beams it is assumed that the shear stress distribution is 
parabolic in the compression zone and the total horizontal shear force 
can be approximated to 2/3 of the maximum shear stress times the area of 
the compression zone. 	It is also assumed that the distribution of the 
compressive stresses is linear. 	All the other assumptions for deriving 
the ultimate strength equations are the same as those made for solid 
beams in (5.1.5). 	Following the same procedure as described in (5.1.5) 
the following ultimate strength equations for hollow prestressed beams 
can be derived when the neutral axis intersects the core (see Fig. 7.3) 
Top prestressing wires 
LOntlJd1flQl mild stee 
prestressing wr 
Lateral force ,. 
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Fig. 7. 4 Parcboc 	stress distribution in presressed concrete hollow beams under high dp ra 
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-  1'T'[(b-2t)t+2flt] + (Apbfpb+Aptf+Albflb)cotY 	 (7.7) 
sin2 y 
2 t ft[t()(b_2t)+nt] 	
l'T'[(b-2t)t+2flt]cosy + 
sin y 	 Sin2y 
(A pb pb Pt p  lb lb 
f +A f +A f )(cotycosy + Sin y) 	 (7.8) 
M b = (A pb pb f +Albflb)(d1_n)+Aptfp(d2_n) 	 (7.9) 
M = {(A f +A f +A £ )coty - 1
1 T[(b-2t)t+2flt] 
1(d 1 -3n) 	(7.10) Nit 	pb pb lb lb pt 3 
The value of 	in Eqs. (7.9) and (7.10) can be obtained from Eq. 
(7.5) and the value of 1' is equal to 2/3. 
7.4.2 	Beams Under 	Ratios Equal to or Higher Than 4 
It is assumed that, for beams under ratios equal to or higher 
than 4, the shear stress distribution is uniform in the compression 
zone, and the distribution of the compressive stresses is parabolic. 
If the neutral axis intersects the hollow part of the beam, the ultimate 
strength of the beam can be calculated from Eqs. (7.7), (7.9), (7.10) 
and (7.14) by substituting the values of U and given in the next 
section. 
7.4.2.1 Evaluation of a for beams with parabolic stress distribution 
From Fig. 7.4 it can be seen that the stress distribution parabola 
can be expressed as 
X = 	y2 
107 
The resultant of the compressive forces in rectangle a'b'c'd' (Fig. 7.4) 
is given by 
t P 
(b-2t) f 	dxdy = f'.t(b-2t)(l - 
ox 3n2 
(7.11) 
The moment of the compressive forces in rectangle a'b'c'd' about the 
X-axis can be found: 
t P 
- f'.t 2 
- 
(b-2t) f f Ydxdy 	2 	(b-2t) (1 - -) 	 (7.12) 
0 x 	 2n2 
Combining Eqs. (7.11) and (7.12) the value of a can be found: 
(b-2t)(.. - 
= 2:. • 	 4n2 	 ............. 	 (7.13) n 
t 2 4 (b-2t)(1 - —)+ 
3n2 
Referring to Fig. 7.3 and considering the equilibrium of all the forces 
perpendicular to the compression zone, the following equation defining 
the depth of the neutral axis for prestressed concrete hollow beams 
under 0>4 can be obtained: 
t.f'[(b-2t)(l - .-L 	4) + - n] 
3n2 = - l't'[(b-2t)t+2nt]cosy 
5 i fly 	
sin2  y 
+ (A pb pb pt p lb lb f +A f +A f )(cotycosy+siny) (7.14) 
The value of 1' for beams under >4 is equal to one. 
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7.4.3 	Solution by Iteration 
The ultimate strength of hollow prestressed concrete beams under 
high ratios can easily be found by iteration taking the following 
steps: 
Select a value for c and calculate £ from Eq. (5.41) 
If f<f, calculate f' and T t from Eqs. (5.42) and (5.43). 
If f>f, calculate f' and t' from Eqs. (5.44) and (5.45). 
Substitute the value of c in Eqs. (5.26.a) and (5.26.b) and 
calculate the values of f 
pb 	lb and £ in terms of n 
Substitute the values of £ 
pb , flb  , r' and f' found above in 
Eq. (7.8), or Eq. (7.14) and calculate the value of n. 
Substitute the value of n in Eq. (7.5) or Eq. (7.13) (depending 
on the 4, ratio) and calculate 8 
Calculate Mb  and M from Eqs. (7.9) and (7.10). 
Check whether the values of Mb  and M found above satisfy the 
equation M
b = 	
or not. 	If these values do not satisfy this 
equation, select another value for c and follow the above 
procedure until M.0 and Mt satisfy M.0  = ~ Mt . The values of Mb 
and Mt  calculated in this way are the ultimate bending and 
twisting moments of the beam for n>t. 	If n<t, the ultimate 
bending and twisting moments of prestressed concrete hollow 
beams must be calculated by following the procedure described 
in (5.1.5.1) for solid prestressed concrete beams. 
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CHAPTER 8 
DISCUSSION OF THE THEORETICAL ANALYSIS AND 
CORRELATION OF THEORETICAL AND EXPERIMENTAL RESULTS 
8.1 	INTRODUCTION 
In this Chapter it is proposed to discuss the theoretical analysis 
developed in Chapters 5, 6 and 7 and to compare the theoretical results 
with the results obtained experimentally. 	In order to assess the extent 
of the calculations involved for evaluating the ultimate strength and to 
justify the practicability of the theory proposed, examples of a method 
for calculating the ultimate strength of prestressed concrete beams are 
given. 	The experimental results of tests carried Out by the author and 
five other investigators are compared with these theoretical results. 
Details are given in Tables 8.1 - 8.23. 
8.2 	DISCUSSION OF THE THEORETICAL ANALYSIS 
In this investigation for the purpose of a theoretical analysis 
prestressed concrete beams are divided into four groups i.e., beams 
under pure torsion, beams under low ratios, beams under high ratios, 
and beams under pure bending. Four different ultimate strength equations 
are derived for these four groups. 	So in order to calculate the ultimate 
strength of a prestressed concrete beam under combined bending and torsion 
it is necessary to know whether the beam is subjected to a low ratio 
or a high ratio, and therefore the definition of low and high . 	Some 
of the investigators 52 ' 53 have assumed a specific 	ratio below which 
value a beam is considered to be under low ratio and over which value 
a beam is considered to be under high 	ratio. 	However, in practice the 
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ratio at which the behaviour of a beam changes from a torsion mode 
to a bending mode is not constant and depends on parameters such as 
the shape of the cross-section, the amount of prestress and the type 
of prestress. 	The experimental results of the author and other 
investigators 32 have shown that the failure of beams in the torsion 
mode (i.e. beams under low 	- ratios) occurs on the appearance of 
the first crack or shortly after the appearance of the first crack 
(depending on whether the beam is without stirrups or with stirrups). 
On the contrary the failure of beams in the bending mode (i.e. beams 
under high - ratios) occurs long after the appearance of the first 
crack. 	Therefore, in this investigation prestressed concrete beams 
under low c ratios are defined as beams which will fail on the appear-
ance of the first crack if no stirrups are present, otherwise the 
beams are under high $ ratio. 	Another reason for classifying the 
beams in this way is that beams which fail on the appearance of the 
first crack cannot develop significant dowel forces (because total 
rotation of these beams is small) while beams which fail long after 
cracking can develop large dowel forces. 	So, the theoretical analysis 
for these two groups of beams should be different. 
Because the equations for the cracking moments of beams under low 
ratios are different from those of beams under high ratios it is 
also necessary to know whether the beam is under low or high ratio 
in order to determine the cracking moments of prestressed concrete 
beams under combined bending and torsion. 	For this purpose it is 
assumed that if the ultimate bending moment of a beam under combined 
bending and torsion is less than its cracking bending moment under pure 
bending the beam is under low ratio, otherwise it is under high 	ratio. 
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This assumption is supported by the experimental results of the author 
and Khali1 32 which show that all prestressed beams which failed on the 
appearance of the first crack (in the case of beams without stirrups) 
and all prestressed beams which failed shortly after the appearance of 
the first crack (in the case of beams with stirrups) had ultimate 
bending moments which were less than their theoretical cracking bending 
moment under pure bending. 
8.2.1 	Application of the Proposed Theory in Balanced Design of Pre- 
stressed Concrete Beams Under Combined Bending and Torsion 
The best and the most economical design for prestressed concrete 
beams under combined loading is a balanced design (i.e. where both the 
steel and the concrete reach their ultimate strengths simultaneously 
at failure). 	Following the procedure described below and using the 
ultimate strength equations developed in Chapters 5, 6 and 7 it is 
possible to design a balanced prestressed concrete beam. 
In prestressed concrete beams under pure torsion or under low 
ratios the strain induced in the prestressing wires due to the loading 
at failure is very small and so it is possible to prestress the pre-
stressing wires up to about their yield points. 	Therefore, in beams 
under low 4 ratios if the initial prestress in the wires is about yield 
the beam is automatically balanced. 	It is therefore possible to find 
a beam with minimum cross-sectional area (the most economical cross-
section) which can sustain the load. 
The design procedures for prestressed concrete beams under low and 
high ratios are different. 	If 	< bo the beam must be designed 
according to method A (described below) for beams under low 
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ratios and if Mb>Mbo  the beam must be designed according to method B 
for beams under high 4 ratios. 
8.2.1.1 Design method A for beams under low 	ratios 
Select d 1 and d 2 and the dimensions of the cross-section. 
Choose the type of prestress. 	It is better to choose uniform 
prestress for beams under low ratios, because under pure torsion 
or low ratios the ultimate strength of a uniformly prestressed 
concrete beam is slightly higher than that of an eccentrically 
prestressed concrete beam of a similar cross-section and average 
prestress. 
From Eqs. (5.5) and (5.15) calculate the values of 
Check whether the larger of the two values of f found from Eqs. 
/ 	2fr 	t (5.5) and (5.15) satisfy £ = £ = f - ________ pr 	cr 	c 1-sin 370 or no 
If the value of fpr  found in (3) does not satisfy the above equation 
change the dimensions of the cross-section (dimensions of the cross-
section should be changed proportionally) until the larger of the 
two values of f 	found from Eqs. (5.5) and (5.15) satisfy f =f pr pr cr 
The cross-section of the beam chosen in this way is the smallest 
possible cross-section (for particular g ratio) which could carry 
the load and therefore it is the most economical one. 	It should 
be noted that the torsional capacity of a beam increases with 
increase in the amount of prestress up to f after which thecr 
strength of the beam decreases. 	In the case where £ >f pr cr 
Eqs. (5.5) and (5.15) are no longer valid. 
6. 	Find the area of the prestressing wires from the following equation 
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A +A 	£ xbd 
A = pbj?t pr 
pb 	2 2xKxfb 
where k5 is a safety factor for the yield stress of the prestressing 
wire and is less than one. 
7. 	Find the effective prestress in the prestressing wires from the 
following equation 
f xcj f == pr 
pb 	Pt 	2Apb 
8.2.1.2 Design method B for beams under high 	ratios (balanced design) 
For the balanced design of a prestressed concrete beam under high 
	
ratios, five parameters must be determined viz. f 	, A , A , f prb pb pm pi 
These parameters can be evaluated by iteration following the 
procedure described below:- 
Choose a suitable cross-section. 
Choose the type of prestress (it is better to choose eccentric 
prestress for beams under high 	ratios). 
Substitute the values of £ 
pby 	pmy 	pb 	pm 
and f for £ and f in Eq. (5.26a) 
and calculate f and £ in terms of E and n 
Pi 	P2 
From a consideration of equilibrium of moments and forces in the cross- 
section when the beam is under no external load (except prestressing 
force) two equations can be obtained in terms of the following 
unknowns A 
pb pm P1 	P2 	prb 
, A , f , £ and £ 	(see the example for balanced 
design in Appendix A). Substitute f 
21 	22 
and f 	found in step 3 
(in terms of n and c) in these two equations and calculate A 
in  and PM 
A 
pb  in terms of c, n and 
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Select a value for f
prb  and calculate -y from Eq. (5.5 3) 
Select a value for 6 and calculate f and -r from Eqs. (5.42) and 
(5.43) or Eqs. (5.44) and (5.45). 
Substitute the values of f
prb 
 andselected in steps 5 and 6 in 
equations for Apm  and  Apb  (equations which were found in step 4 
in terms of , n and f prb 	 pm 	pb 
) and find the values of A and A in 
terms of n. 
Substitute A 
pm 	pb 
and A 	in Eq. (5.68) and calculate the value of n. 
Substitute the numerical value of n in equations for A and A 
pm 	pb 
(which were in terms of n in step 7) and calculate numerical values 
of 	and  
pm pb 
Substitute the numerical values of n, Apm  and  Apb  in Eqs. (5.74) 
and (5.75) and calculate the values of Mb and Mt. 
If the values of 
14  
and Mt  found from step 10 are larger or smaller 
than the design values of Mb  and M (there are two other possibi-
lities: a - one of the calculated moments is larger than its 
corresponding design moment and the other moment is smaller than 
its corresponding design moment in this case go to step 12; 
b - both calculated moments are equal to the design moments in this 
case go to step 14) select another value for f
prb  without changing 
c (if both calculated M.0 and Mt  are larger than design N.0 and Mt 
choose a smaller value for £ 	and if both calculated N and N prb b 	t 
are smaller than design M,0 and M choose a larger value for fprb 
and calculate the new values of Mb  and  Mt  (as described in step 5 
to step 10). 	The value of f
prb  must be changed until the value of 
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one of the calculated moments becomes smaller than its corres-
ponding design moment and the value of the other calculated 
moment becomes larger than its corresponding design moment (if 
the value of both calculated moments and design moments become 
equal go to step 14). 
If one of the calculated moments is larger than its corresponding 
design moment and the other calculated moment is smaller than its 
corresponding design moment, change the value of c (as many times 
as necessary) without changing 
prb  until the calculated torsional 
moment with this new c becomes equal to the design torsional 
moment (in this case if Mb  calculated becomes equal to IvL0 design 
go to step 14). 
If Mb  calculated is larger or smaller than Mb design decrease or 
increase the value of f
prb  as necessary and repeat the procedure 
described in previous steps until both calculated moments become 
equal to their corresponding design moments. 
The last values of f 
prb , pb 	pm 
A , A 	(which could equalize the calculated 
moments and the design moments) are the design values for these 
parameters. Substitute fprb' Apb and  Apm  in the equations of equili-
brium of forces and moments for beam under no external load (except 
the prestressing force) and calculate the design values of f and 
f 
P2 
 (see the example for balanced design of prestressed beams in 
Appendix A). 
The iterative procedure, though a tedious process manually, is 
ideally suited for computer computation. 	Had the time çermitted the 
author would like to have developed a computer programme to deal with 
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the design-process described above, but this is left for the future. 
8.2.2 Accuracy of the Proposed Theory 
For beams under low ratios the accuracy of the proposed theory 
depends on the method of determining the tensile strength of the concrete. 
A beam subjected to torsion is in a state of biaxial stres's and thus the 
use of the uniaxial tensile strength of concrete is unlikely to be 
satisfactory even if it is known. 	Hsu' adopted reduced values of the 
modulus of rupture while Woodhead and McMullen 39 used the tensile 
splitting strength, since a state of biaxial stress does exist in this 
test. 	In this study the tensile strength of concrete is taken to be 
/oll9 F 2  where F is the cube strength in N/mm 2 (or 	= 1.23/F
1b5 	
c 
where Fc  is in --). This expression has also been used by Khali1 32 , 
in2 
El Neima 53 , Mohamed 52 and others for finding the tensile strength of 
the concrete. 	The reason for using this expression is that in design 
practice it is normal to specify the cube strength of the concrete and 
so the above expression can readily be used to find the tensile strength 
of the concrete. 
For beams under high ratios the accuracy of the proposed theory 
depends on how accurately the values of 	
E 	and F are determined. 
In this analysis these parameters are taken as 
= 0.8 F 
 If a reliable experimental modulus of elasticity is not available 
the value of modulus of elasticity is taken to be 4482.32/ 
in N/mm2 (or54000/ 	in as suggested by Khalil.
lbs 
 The value of F is taken as 0.4 as found from the experimental results. 
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8.2.3 Advantages of the Proposed Theory 
As far as the author is aware apart from the theory developed 
recently by Below et a1 40 ' 1 no other method for balanced design of 
prestressed concrete beams under combined bending and torsion has yet 
been proposed. 	However, comparison of the theoretical and experimental 
results of Below et al showed that their theory is overconservative in 
the case of prestressed concrete beams. 
The merit of the present theory is that it can be used to design 
a balanced prestressed concrete beam under combined bending and torsion 
as well as to predict ultimate strength of a given overreinforced or 
underreinforced concrete beam under specified ratio. 	Moreover, the 
theory considers the effect of the dowel forces on the ultimate strength 
of the beam. 
8.3 	EXAMPLES OF COMPUTATION OF CRACKING AND ULTIMATE MOMENTS FOR 
PRESTRESSED CONCRETE BEAMS 
In this section examples of the computations of the cracking and 
ultimate moments of uniformly and eccentrically prestressed concrete 
beams tested by the author are given. 
8.3.1 	Uniformly Prestressed Beam with Stirrups Under Low Ratio 
Beam C1 
= 1 	F = 54.30 N/mm 2 £ pr = 7.37 N/mm2 
5 = 150 mm 	d = 11 mm 	d2 = 15 mm 	d1 = 85 mm 
ft = /0.0119 F2 	= 	3.274 N/mm2 
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102 
Mbo = 	6 	(7.37 + 3.274) = 188.258 kN.mx10 2 
188.258 > 141.10 	M bo > M b  expt. 
so the beam is under low ratio 
From Eq. (5.21) 
tan a = 732-74 	0.5546 +7.37 
sin a = 0,485 	cos a = 0.8745 
Ultimate moment 
From Eq. (6.4) 
(102-11)[7.37x'02 2 XO.4852 xl5o+0.8xO.87452 x8Ox7.913x440.3'+0.5x3.Z'74xlO2(102-11)150] 
7.37x0,4852 x102 2 xl50+O.8xQ,87452 x80x7.9i3x440.5+3.274xi02x91x15t3 
n = 63.1 mm 
Substituting the value of n in Eq. (6.6) the ultimate torsional moment 
can be found 
Mt = 	
1 
[0.5x7.37x1022(i5+85 - 2x63.1 
	0.8x1.803x80 
0.8745+lxO.485 )0.485-i- 	150 
x440.5x7,913(91 - 21.03)xO8745+ 3.274(102-11) (9l-63.i)xlO2 ] 
3x0,485 
Mt = 134.17 kN.mx10 2 
The value of Mt  found from Eq. (6.2) is 180.28 kN.mxiO 2 which is 
larger than Mt = 134.17 found above so the ultimate twisting moment of 
the beam is the smaller of the two values calculated i.e. 134.17 kN.mxiO 2 
= 1XM = 134.17 kN.mxlO2 
expt. - 141.1 - 
1 .05 Mt theor. - 134.17 - 
Cracking moment 
From Eq. (5.10) 'n' can be found as 
102(7.37x0.4852+ 374) 
________________ = 68.66mm 
7 .37x0.485 2 +3.274 
From Eq. (5.15) the cracking twisting moment can be found as 
102 2 x7.37 	 2x68.66 	3.274(102-68.66) 
Mt = 1xO485+0.8745 [0.5x0.485 (15+85 - 	3 	) + 3x7.37x0,485 
M 	131.579 kN.mx10 2 	M 	= 131.579 	1O 2 tc bc 
N1  tc expt. - 141.1 - 
1.07 
tc M 	theor. - 131.579 - 
8.3.2 	Uniformly Prestressed Beam with Stirrups under High 	Ratio 
119 
Beam A3 
= 4 	F = 45.2 N/mm 2 
f 	= 
C 0.8x452 = 36.16 N/mm 2  
E 
C 
= 0.205x10 N/mm2 
f pr = 2.64 N/mm2 f = 677 N/mm2 
ft = 3 /G119X45,22 = 2.897 N/mm2 
102 
Mbo = 	
6 (2.64+2.897) = 97.93 	KN.mx10 2 
The experimental ultimate moment of this beam is 315.85 kN.mxlO 2 
so Mbo  < Mb(expt.) and the beam is under high ratio 
Ultimate moment 
From Eq. (5.53) 
cot y = /16+1+2.64 -4 = 0.232 2.897 
sin y = 0.974 
	
cos y = 0.2261 
sin 2y = 0.4405 	cos 2y = -0.897 
From Eqs. (5.36) and (5.37) 
£ = 0.9487 £ + 0.4405 T 
T = 0.2203 £ - 0.897 T 
4=4 	so k=.. 	and l=l 
From Eq. (6.16) 
102x0.232 
cot &' - 	= 0.077 3x].02 
Substituting £ pb from Eq. (5.26a) in Eq. (6.9) gives 
nxl02 2 - 	 - 	 85-n 
0.974 	f + 0.232 t ) = [20.25(677+ 	xcx2.04x1O 5 xO.4)+ n 
17.805x2x232+20.25x677] (0.232x0.2261 + 0.974) 
102.029 n( f+ 0.232 r) = (35680.02 + 1404.54-16.52n 	+5 xcx].0 ) 	(3) n 
From Eq. (6.17) 
Mb 	
85-n [20.25(677+ 	-xx2.O4x1Q S xO.4)+17.8Q5x2x232](85_O.375n) n 





440.5x7.913 x 802(0.232_0.077)xo.232 
- 	 2x150 
'4045465 Mb - ( 2 l 97O. 77 + 	 cx105 )(85_0.375n)+13709.25(150.375n)178076 (4 
From Eq. (6.18) 
85-n 
Mt ={[ 2o. 25 ( 677+ 	xx2 O4x1O 5 x0.4)+17.80Sx2x232+677x2o.25]xo.232 n 
	
txl02xn 	440.5x7.913 
 -.80 xO . O77}(85 -0 375)  
0 . 9742 150  
7 . 913x440 . 5 (l021l0375)300 077 7.913x440.5 802(0
. 232 -0 . 077) 150 
- 	 300 
325.85 -3 .833n 
Mt = (8134 . 62~ 	 x 10+5 _ 107.518Tn)(850.375n) 
+ 143.145(91-0.375n)+11525.97 	 .... ......... (5) 
The ultimate moments of the beam can now be found by iteration changing 
the value of c and calculating M,0 and Mt  from Eqs. (4) and (5) until 
the values of Mb  and  Mt found from these equations satisfy the equation 




f =f - 	 =36.16- 	=21.60N/nun 
1-sin37° 	 0.398 
a. 	Assume E = 140xl0 5 
f = E
c 	 = 28,7 N/mm2 > f cr = 21.60 N/mm 2 
From Eq. (5.40) T/0.12x28.7x36.160.16x28.7 2 +0.04x36.162 = 6.71 N/mmn2 
From Eqs. (1) and (2) above 
£ = 30.183 N/mm2 	T = 0.304 N/mm2 
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Substituting the above values in Eqs. (3) gives 
2060.22n2 -33367.22n-196635.6=0 
n = 20.787 mm 
From Eqs. (4) and (5) M
b  and N1 can be found as 
Mb = (21970.77+7146.746)(85-7.795)+13709.25(15-7.795) 
-1780.76 = 2345012.1 N.uim 	Mb = 234.50 kN.mx10 2 
Mt = (8134.62+1657.973-679.433)(85-7.795)+143.145(91-7.795) 
+11525.97 = 727017.85 N.mni 	Mt = 72.7 	kN.mx10 2 
4Mt - Mb = 4x72.7-234.5 = 56.3 
In order to make the value of 4Mt_MD  equal to zero the value of Mb  must 
be increased therefore choose a larger value for c. 
b. 	Assume c = 150x10 
Following the procedure described above 
f = 30.75 N/mm 2 	 T = 5.87 N/mni2 
f 	31.758 N/mm 2 	r 	1.51 N/mm2 
n = 19.93 mm 
Mb = 243.21 	kN.mx10 2 
Mt = 54.88 	kN.mx10 2 
4M CM b = -23.69 
That is the value of E has been increased too much therefore, 
reduce the value of c 
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C. 	Assume c = 147x10 5 
f = 30.14 N/mm2 	T = 6.14 N/mm2 
f 	31.298 N/mm 2 	T = 1,132 N/mm2 
n = 20.173 mm 
Mb = 240.594 
	
kN .mxlO 2 
Mt = 60.35 
	
kN .mx10 2 
4Mt_Mb = 0.806 
This value of Mb  is very close to the required value of Mb  so 
the exact value of 
1b 
 can be found proportionally. Changing lLD  in the 
two calculations gives 240.594-243.21 = -2.616 kN.mxlO 2 and (LINt _Mb) = 
0.806 + 23.69 = 24.496 
.. Change necessary in the last calculated value of RD  to give 
4Mt_Mb equal to zero is 
AM 	
-0.806x-2.616 = 0.086 	kN.mxlO 2 b = 24.496 
Mb = 240.594 + 0.086 = 240.68 	kN.mx10 2 
Mt = €0.17 	kN.mx10 2 
Mb expt. - 217 
1b theor. - T4-0.68- 
	
 	
x 100 = 90% 
Cracking moment 
From Eq. (5.25) the cracking moment of the beam can be found 
N=16x0,208 2 x2.897x102 3 = 2128117.6 
R = 2.64+2.897 = 5.537 
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Mb= 3x2128h17.6, x(2128117.6) 2 +b023 x2128h17.6x5.537 = 913906.1 
N 
bc
= 91.39 	kN.mx10 2 
M expt. 
be 	 98 x 100 = 1.07 N 
bc 
 theor. - 91.39 
8.3.3 	Eccentrically Prestressed Beam with Stirrups tinder Low 	Ratio 
Beam D1 
= 1 	 Fc  =46.5 N/mm 
s = 50 mm 	f t  = 2.95 N/mm2 
d1 = 85 mm 	d 3 =51mm 
102 
Nbo = 6 	
(2.95+3.156) = 107.99 
prb = 3.156 N/mm2 





kN .mx10 2 
Mbo = 107.99 > M expt. = 71 kN.mx10 2 so the beam is under low 
ratio 
Ultimate strength 
From Eq. (5.21) 
f  tan a = 
	
2.95 
 /2,95+1.578 = 0.807 
sin a = 0.6281 	cos a = 0.778 
From Eq. (6.24) 
(102-11) [1.578x1022x0.62812 x50+0.8x0 .7782 x80x440.5x7.913+0.5x2.95x102(102_l 1)50] 
1.578x102 2 x0.6281 2 xS0+0.8x0.778 2,<80x440.5x7.913+2.95x1o2x9lx5o 
n = 56.92 mm 
From Eq. (6.26) 
___________  





x 0.6281+ 2.95(102_11)(91_56.92)x102 + 0.8x 1.239x80  • 	 _44O.5x7.9l3(9l_ 56.92)0778: 3x0,6281 	 50 
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= 931761.46 N.mm 	Mt  = 93.18 	kN.mx10 2 
The value of M t found from Eq. (6.22) is 127.09 kN.mx10 2 which 
is larger than the above value so theoretical Mt  is 93.18 kN.mxlO' 2 
Mexpt. 	71 
andMt theor. = 93.l8x100 = 76% 
Cracking moment 
From Eq. (5.64) 
102[3.156x0.628f+2.95] n= 	 =59.89mm 
3.156x0, 6281 2 + 2x2.95 
From Eq. (5.65) 
Mt = 0 . 6281 ~0 . 778 
___
1405x20.25(85_  59- 89 	
59.89 )xo,6281+4o5x2o.25(5l_ 	)x 
0.6281+  2.95 02 (l0259.89) 3x0,6281 	} = 839763.6 N.mm 
Mt = 83.98 	kN.mx10 2 
M 	expt. tc - 71.00 
M tc  theor. - 83.98 
= 0.85 
8.3.4 	Eccentrically Prestressed Beam with Stirrups Under High 	Ratio 
Beam D2 
= 2 	F48.4N/min2 
	







= 5.27 N/mm2f prt = 
ft = 3,034 N/mm2 f 	 = 38.72 N/mm 2 
M bo = 
1023 
6 (5.27+3.034) = 146.87 kN.mx10 2 
Mb = 146.87 kN.mxlO2 < bet. = 156.16 kN.mx102 
So the beam is under high ratio 
Ultimate strength 
From Eq. (5.53) 
r 5.27 
cot y = /1+ 3.034 + 4 -2 = 0.596 
sin y = 0.859 	 cos y = 0.512 
sin2y = 0.8793 
	
cos2y = -0.476 
From Eqs. (5.36) and (5.37) 
f = fxJ7379 + TX0.8793 
T= + fx0.4397 - TX0.476 
4=2<4 	so 	K1 	1=- 
- 
& 	102x0.596 From Eq. (6.16) 	cot ' = 0.1987 3x102  
Substituting for f b' pm " f 
lb  from Eqs. (5.26a) and (5.26b) in 
lO2xn 	2 	
85 Eq. (6.29) gives 0.859 ( 21 xf  + <TxQ.596)=[2O.25(677+ 	xO.4x2.04x1o 5 xc) 
+35.61x85x1 .79x10 5 xc+20,25(677+ 51-n 04204l0]llfA n 	 n 
- 	 7665.32-96.788n 	+5 102.Olxn(0.5f +O.397t)27418.5+ 	 xxlO 	 (3) n 
From Eq. (6.35) 
6822680264 xcxlo +5 )(8s_o.333n)+ Nib = (13709.25 + 
842.72 n - 16.524n (13709.25+ 	 xxlO 5 )(51_0.333fl)_35217.53 	 (4) 
From Eq. (6.36) 
Mt = (15233.26+ 4568.53-57 .69n 





f = 38.72 - 2x3.034 = 23.473 N/mm 2 cr 	 0.398 
Assume e = 85x10 5 
f = 16.235 < f = 23.473 
cr 
From Eq. (5.39) 	T = / 16.235+3.034)x3.034=7.64 N/mm 2 
From Eqs. (1) and (2) above 
f = 18.7 	N/mm 2 	T= 3.5 	N/mm2 
From Eq. (3) above 
- 17.518n - 594.73=0 
n = 34.671 mm 
From Eq. (4) 
M,(13709.25+9903.959)(85-11 .545)+(13709.25+661 .49)x 
(51-11.545)-35217.532266288 	N.mm or Mb= 226 . 63  kN.mx10 2 
From Eq. (5) 
M=( 15233 . 26+ 6296 . 63 _ 11182 . 99)( 68 _ 11 . 545)+i 108 . 17 (91 _ 11 . 545) 
+ 88630.99 = 760814.86 N.mm 	or 	Mt = 76.08 kN.mx10 2 
2Mt_Mb=152.16_226.63 = -74.47 	i.e. E must be reduced 
Assume c50x10 5 
so f = 9.55 N/mm2 
	
-t = 6.179 N/mm 2 
f12.48 N/mm 2 
	
T = + 1.258 N/mm2 
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(5) 
From Eq. (3) 
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n2 -32.843n - 557.487=0 
n=45.182 nun 
From Eqs. (4) and (5) 
Mb = 166.75 kN.mx102 	Mt = 81,69 kN.mx10 2 
2M  - Mb = 163.38 - 166.75 = 
This value of NI is approximately equal to the required value of 
NI t so compute the exact value of Mt  proportionally 
.'. Change of Mt  in the two calculations = 81.69 - 76.08 = 5.61 kN.mxl0 2 
and Change of (2Mtlb) = -3.37+74.47=71.1 
.'. Change necessary in the last calculated value of 
Mt 
 to give 
2M  - 1b equal to zero is 
= 5.61x3.37 = 0.266 	kN.mxlO 2 t 	71.1 
so 	Mt = 81.69+0.266 = 81.956 kN.mx10 2 
Mb = 2x8l.956 = 163.912 kN.mxlO 2 
Mb expt. - 156.16 _ 
Mb theor. - 16__3.__912 = 0.95  
Cracking moment 
From Eq. (5.25) 
N = 4x0.2082x3.034x1023557l89,25 
R = 5.27+3.034 = 8.304 
= 110.41 	kN,mxlO2 
129 
Mbc expt. - 100.00 
______ - ______ = 0.91 H bc 
 theor. 	110.41 
8.4 	CORRELATION OF THEORETICAL AND EXPERIMENTAL RESULTS 
8.4.1 	Author's Results 
Tables 8.1 - 8.4 show the correlation of experimental and theoretical 
cracking moments for all the beams 	tested by the author. The agreement 
between experimental and theoretical results is very good for the beams 
considered though in general the proposed theory slightly underestimates 
the cracking moments of the beams. 	This may be due to the fact that the 
initial cracks were only detected when they were wide enough to be seen 
Mh (expt.) 
and not when they may have occurred. The mean value of 	- for 1bc (theor.) 
beams in series A, C, C-I and D is 1.09, 1.05, 1.04 and 0.97 respectively. 
(expt.) 
The mean value of Mb (theor.,) for all the beams tested is 1.04. 
Tables 8.5 - 8.8 show the correlation between the experimental and 
theoretical ultimate moments for the beams in all series. 	The agreement 
between the experimental and theoretical results is generally very good 
considering the large variation in the amount of prestress and method 
of testing (beams in series C-T were tested in the torsion machine and 
not in the test rig). 	No particular trend in the correlation of experi- 
mental and theoretical results can be seen. 	This indicates that the 
theory has taken into account the effects of all known variables. 	It 
should be pointed out that there is some doubt about the results of the 
tests on Beams A4, A5 and D1 none of which are in very good agreement 
with the theory. 	In the case of Beams A4 and A5 a special support was 
used (to prevent collapse of the rig during the test) and this may have 
NI tc  (expt.) 






Cracking moments KN.mX102 tc 
or 
MbC(expt.) Experimental Theoretical 
Mbc 1tc Mbc  NIb c (to1 ) 
Al 0 47.47 2.993 140.0 - 117.94 - 1.19 
A 7 0 49.70 3.084 136.30 - 120.64 - 1.13 
A2 1 49.73 3.092 82.5 82.5 84.68 84.63 0.97 
A 9 2 49.9 3.070 45.0 90.0 40.82 81.64 1.10 
A9 3 42.6 2.780 33.33 100.0 29.66 88.97 1.12 
A3 4 45.2 2.897 24.50 98.0 22.85 91.39 1.07 
A10 5 52.31 3.200 22.0 110.0 19.84 99.18 1.11 
A1 6 45.0 2.900 17.5 105.0 15.67 95.19 1.10 
A5 8 54.24 3.270 13.75 110.0 12.88 103.04 1.07 
A6 = 53.00 3.224 - 108.0 - 103.72 1.04 
TABLE 	8.1 	Comparison of Author's Results - Series A 
M(expt.) 
Concrete 
Strength Cracking moments KN.mxlO M(theor.) 










bc tc bc 
CT 0 51.02 3.142 164.406 - 155.88 - 1.05 
C1 1 54.30 3.274 141.1 141.1 131.579 131.579 1.07 
C2 2 44.88 2.88 57.5 115.0 52.12 104.24 1.10 
C3 3 45.7 2.92 41.67 125.0 37.95 113.85 1.10 
C4 4 54.0 3.27 35.0 140.0 33.27 133.09 1.05 
C6 6 43.0 2.80 23.75 142.5 21.82 130.9 1.09 
CB 00 52.31 3.19 - 130.0 - 143.97 0.9 
CB CO 44.44 2.86 - - - 160.826 - 
TABLE 	8.2 	Comparison of Author's Results - Series C 
MtC (expt.) 
Concrete 







Mbc (expt.) Experimental Theoretical 
F 
C 





CT 1 0 5134 3.158 179.35 - 156.42 - 1.15 
CT2 0 51.02 3.142 145.5 - 146.69 - 0.99 
CT3 0 44.44 2.869 144.48 - 146.776 - 0.98 









M(expt.) Experimental Theoretical 
M 	(theor.) 











DT 0 48.11 3.018 113.84 - 115.78 - 0.98 
D 1 1 46.5 2.950 71.00 71.00 83.98 83.98 0.85 
D2 2 48.4 3.034 50.0 100.00 55.21 110.41 0.91 
D3 3 44.0 2.84 32.66 98.00 30.00 90.01 1.09 
D4 4 44.0 2.84 32.5 130.00 32.52 130.09 1.00 
D5 5 50.4 3.12 22.8 114.0 23.69 118.46 0.96 
TABLE 	8.4 	Comparison of Author's Results - Series D 
M t (expt.) 
Concrete Strength N/mm2 Ultimate moments kN.mx102  M (the6r ) t M b f f Stirrup 
Beam - 
pr p spacing ______ ______ _____________ ________________ _________________ or 
Theoretical t N/mm2 N/mm2 S modulus of Experimental M (ex t ) 
b MM. F f t 
elasticity 
C 
xlO M t Mb Mt Mb Mb(theor.) 
A 1 0 2.64 677 150 47.47 2.993 0.205 140.00 - 126.10 - 1.11 
A7 0 264 677 50 49.70 3.084 - 136.30 - 144.95 - 0.94 
A2 1 2.64 677 150 49.73 3.092 - 96.96 96.96 82.51 82.51 1.17 
A8 2 2.64 677 150 49.90 3.070 0.242 80.00 160.00 95.65 191.29 0.84 
A9 3 2.9 745 150 42.60 2.780 0.241 67.57 202.71 69.84 209.51 0.97 
A3 4 2.64 677 150 45.20 2.897 0.205 54.25 217.00 60.17 240.68 0.90 
A10 5 2.64 677 150 52.31 3.200 0.212 55.28 276.42 53.82 269.08 1.03 
A4 6 2.64 677 150 45.00 2.900 0.228 48.00 288.00 41.12 246.72 1.17 
A 5 8 2.64 677 150 54.25 3.270 0.248 41.50 332.00 34.49 275.95 1.20 
A5 i 	c 2.64 1 	677 1 	150 53.00 3.224 1 	 - - 336.00 - 313.51 	1 1.07 
TABLE 	8.5 Comparison of Author's Results - Series A 
M(expt.) 
Concrete Strength N/mm 2 Ultimate moments kN.mxlOT2 M (theor.) 
t 
Mb f Stirrup 
Beam pr p Spacing or 
N/mm2 N/mm2 
S modulus of Experimental Theoretical M (expt.) 
mm F f elasticity b 
M t Mb Mt 1b 
C t 
xlO Mb(theor.) 
C1 0 6.233 801 150 51.02 3.142 - 164.406 - 166.158 - 0.99 
C1 1 7.37 947 150 54.30 3.274 - 141.10 141.10 134.17 134.17 1.05 
C2 2 4,95 635 150 44.88 2.880 0.223 110.36 220.71 117.34 234.68 0.94 
C3 3 4.53 419 150 45.7 2.920 0.249 77.43 232.28 84.44 253.32 0.92 
C4 4 4.95 635 150 54.00 3.270 0.249 75.70 302.80 85.50 342.00 0.89 
C6 6 4.95 635 150 43.00 2.800 0.224 78.96 315.85 76.25 305.00 1.03 
CB 00 4.95 635 150 52.31 3.190 - - 417.18 - 417.799 1.00 
CB1 CO 6.233 801 150 44.44 2.860 0.236 - 438.29 - 398.44 1.10 
TABLE 	8.6 Comparison of Author's Results - Series C 
Mt(expt.) 
 Concrete Strength N/mm2 Ultimate moments kN.mxlO2 M(theor) 
M f £ Stirrup 
Beam - M 
pr 
spacing P or 
Theoretical t N/mm2 N/mm2 mm Modulus of Experimental M(expt.) 
F elasticity  X10 +5 Mt Mb Mt Mb Mb(theor.) 
CT 1 0 6.233 801 51.34 3.158 - 179.35 - 156.42 - 1.15 
CT2 0 5.16 663 100 51.02 3.142 - 145.5 - 161.19 - 0.90 
CT3 0 6.233 801 50 44.44 2.869 - 144.48 - 178.59 - 0.81 
TABLE 	8.7 	Comparison of Author's Results - Series C-I 
M 	(expt.) 
f Concrete Strength N/mm2 Ultimate moments kN.mx102 M t (theor.) 
Mb £ 
Pi Stirrup 
rb or Beam - or spacing 
Modulus of Experimental Theoretical Mt N/mm2 f s M (expt ) 2 mm F f elasticity b 
M Mb Mt Mb N/mm2 
C 
Mb(theor.) 
DT 0 4.73 608 50 48.11 3.018 - 113.84 - 139.63 - 0.82 
1 3.156 405 50 46.50 2.950 - 71.00 71.00 93.18 93.18 0.76 
D2 2 5.27 677 50 48.40 3.034 0.191 78.08 156.16 81.96 163.912 0.95 
D3 3 2.90 372 50 44.00 2.840 0.191 55.00 165.00 66.44 199.30 0.83 
D4 4 5.28 677 50 44.00 2.840 0.191 66.72 266.88 69.59 278.36 0.96 
D5 5 3.947 507 50 50.40 3.120 0.191 66.124 330.62 58.768 293.84 1.12 
TABLE 	8.8 Comparison of Author's Results - Series D 
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restrained the beam from free rotation and thus increased the strength of 
these two beams (this was not noticed at the time of testing). 	In the 
case of Beam D1 it is believed that the ultimate strength was reduced due 
to the collapse of.the beam in the test rig before starting the test. 
Figs. 8.1 - 8.3 show the theoretical and experimental interaction 
curves for the cracking moments of beams in series A, C and D. 	As can 
be seen in Fig. 8.2 the points corresponding to the experimental and 
theoretical cracking moments of beam C1 are well displaced from the 
interaction curves. 	This is because the prestress in this beam was 
considerably higher than the other beams in this series. 
Figs. 8.4 - 8.6 show the theoretical and experimental interaction 
curves for the ultimate moments of the beams in series A, C and D. 	The 
interaction curves for the beams in series C consist of two parts, one 
part for the beams under low ratios and the other part for the beams 
under high ratios. 	This is again due to the variation in the amount 
of prestress in the beams in this series (the prestress was higher in 
Beams C1 and C 1 which were under low c ratio). 
Table 8.9 shows the correlation of the experimental and theoretical 
results for plain concrete beams in series B. An example of the method 
for calculation of the ultimate moment of beams in this series is given 
in Appendix B. 
8.4.2 	Other Investigators 
In order to further substantiate the validity of the proposed 
theory, the results of the tests of five other investigators have been 
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Ultimate moments kN.mx102 M 	(expt ) tp 
M(theor.) - 	 Experimental Theoretical 
F 
c f t M tp M bp M tp M bp 
B1 0 56.1 3.35 98.5 - 96.23 - 1.02 
B2 0 53.2 3.23 96.6 - 92.79 - 1.04 
B3 1 48.68 3.05 46.20 46.20 53.94 53.94 0.86 
B1 10 48.68 3.05 5.40 54.00 5.36 53.60 1.01 
TABLE 	8.9 Comparison of Aurthor's Results - Series B 
M(expt.) 
Concrete Cracking moments kN.m(kips.ins) M 	(theor.) tc 
c 
Strength 










tc M bc tb(t0r 
UT 0 
50.64 3.121 5.5 5.779 
- 0.95 (7350) (453) (48.7) - (51.15) 
U8 0.79 58.57 3.438 5.4 4.282 6.156 4.864 0.88 (8500) (499) (47.8) (37.9) (54.49) (43.05) 
U 1 1.69 53.74 3.252 4.915 8.293 5.189 8.77 0.95 (7800) (472) (43.5) (73.4) (45.93) (77.62) 
U6 2.5 53.4 3.238 2.802 7.028 2.527 6.599 1.06 (7750) (470) (24.8) (62.2) (22.37) (58.41) 
U 2 3.3 54.78 3.293 2.452 8.124 2.222 7.333 1.11 (7950) (478) (21.7) (71.9) (19.67) (64.904) 
U 5 4.0 50.16 3.107 1.92 7.682 1.886 7.543 1.02 (7280) (451) (17.0) (68.0) (16.69) (66.76) 
U3 4.7 50.99 3.142 1.751 8.237 1.669 7.843 1.05 (7400) (456) (15.5) (72.9) (14.77) (69.42) 
U4 5.9 53.05 3.225 1.401 8.27 1.392 8.215 1.01 (7700) (468) (12.4) (73.2) (12.32) (72.71) 
U B 
60.29 3.514 8.813 
- 
9.098 
0.97 (8750) (510) - (78.00) (80.52) 
d =203mm (8.Oins.) 
b =127mm (5.0 ins.) 
d1178mm (7.0 ins.) 





E 4482.32/ifl N/mm 2 
C 	 C 
lb 
(54000 
f 3 v16ii9Fc N/mm2 
,- lb 
(1.2 IF 2 
in2 
V =0.8 F 
C 	C 
TABLE 	8.10 Comparison of Khalil's Results - Series U(Uniformly Prestressed Beams) 





Concrete Cracking moments kN.m(kips.in ) M 	(theor.) 
Strength tc 
Beam 
Mbc N/mm2 	(p.s.i) 
or 
Mb(expt.) 
Experimental ______ Theoretical _________ ________ 
tc 
F 




61.32 3.548 5.389 6.1 
0.88 (8900) (515) (47.7) - (5399) - 
E11 0.8 49.61 3.087 5.514 4.384 5.552 4.441 
(7200) (448) (48.8) (38.81 (49.14) (39.31) 0.99 
E 1 1.76 57.88 3.417 5.99 10.53 5.943 10.40 1.01 (8400) (496) (53.00) (93.2) (52.6) (92.05) 
E13 2.65 46.3 2.942 4.576 12.18 4.617 12.28 0.99 (6720) (427) (40.5) (107.8) (40.86) (108.69) 
E 2 3.50 58.57 3.438 3.39 11.773 3.135 10.974 1.07 (8500) (499) (30.0) (104.2) (27.75) (97.129) 
E is 4.35 
46.3 2.942 3.039 13.129 2.57 11.163 
1.17 (6720) (427) (26.9) (116.2) (22.754) (98.98) 
E3 5.10 57.19 3.39 2.689 13.784 2.386 12.17 1.13 (8300) (492) (23.8) (122.0) (21.12) (107.71) 
E4 6.6 57.88 3.417 2.1 13.875 1.94 12.80 1.08 (8400) (496) (18.6) (122.8) (17.17) (113.299) 
£ 5 8.0 55.12 3.307 1.808 14.485 1.627 13.02 1.11 (8000) (480) (16.0) (128.2) (14.4) (115.23) 
d 	=203mm (8.0 ins.) 
b 	=127 mm (5.0 ins.) 
d1 = 178mm (7.0 ins.) 
d3 =102 mm (4.0 ins.) 
lb 
f prb=12.54 N/mm2 (1820_ ..) 
E 	0.l09xlO 6N/min2 (15.8x10 6 
lb 
-a.) 
TABLE 	8.11 	Comparison of Khalil's Results - Series E (Eccentrically Prestressed Beams) 
M(expt . ) 
Concrete 








N/mm2 (p. s. i) 
or 
(expt.) Experimental Theoretical 
F 
C 
£ t M tc 
M bc 


































































TABLE 	8.12 	Comparison of Khalil's Results - Series E (Eccentrically Prestressed Beans) 
d =203mm (8.0 
ins.) 
b =127mm (5.0 
ins.) 
d1 =178mm (7.0 
ins.) 
d3 =102mm (4.0 
ins.) 
f pr  b=12.54N/mm2 
lb 
(1820 --) 





M(expt.) Concrete Cracking moments kN.m(kips.in ) M 	(theor) tc 
bc 2 
Strength 
_____________________ Beam - N/mm 	(p.s.i) or _________________ 










bc t tc 
EWT1 0 
50.64 3.128 4.8 5.603 - 0.86 
(7350) (454) (42.5) - (4959) 
EW1 0.8 
46.51 2.949 5.389 4.293 5.388 4.31 1.00  
(6750) (428) (47.7) (38.0) (47.69) (38.153) 
EW2 1.74 
46.85 2.97 5.276 9.163 5.642 9.818 0.94  
(6800) (431) (46.7) (81.1) (49.94) (86.9) 
EW3 2.6 
45.47 2.91 3.57 9.23 3.498 9.094 1.02 
(6600) (422) (31.6) (81.7) (30.96) (80.49) 
EW4 
46.3 2.942 3.277 11.457 2.97 10.395 1.10 
(6720) (427) (29.0) (101.4) (26.29) (92.00) 
EW5 
48.57 3.045 2.983 12.846 2.62 11.266 1.14  
(7050) (442) (26.4) (113.7) (23.19) (99.71) 
EW6 5.1 
47.54 3.004 2.565 13.129 2.303 11.742 1.12 
(6900) (436) (22.7) (116.2) (20.38) (103.93) 
EW8 6.5 53.05 3.225 
1.92 12.428 1.934 12.57 0.99 
(7700) (468) (17.0) (110.0) (17.12) (111.26) 
EWT2 
47.2 2.983 4.576 5.43 - 0.84 
(6850) (433) (40.5) - (48.062) 
EW11 0.82 
44.79 2.88 5.48 4.497 5.305 4.35 1.03 
(6500) (418) (48.5) (39.8) (46.95) (38.5) 
E 	0.139x10 6 sp 
N1=2  (20. 2x 
lb 
10 6 .... 
TABLE 	8.13 	Comparison of Khalil's Results - series EW (Eccentrically Prestressed Beams with Stirrups) 
Mt 	(expt.) 
Concrete Cracking moments kN.m(kips.in ) M 	(theor.) tc M 
bc Strength Beam 
M 
tc N/mm2 	(p.s.i) 
or 
Experimental Theoretical 
F t f M tc NI bc M tc M bc M 	(theor.) bc C 
EW12 1.75 48.23 3.025 5.514 9.66 6.072 10.626 0.91 
(7000) (439) (48.8) (85.5) (53.74) (94.05) 
EW13 2.65 48.92 3.052 4.452 11.773 3.53 9.354 1.26 
(7100) (443) (39.4) (104.2) (31.24) (82.79) 
EW15 4.3 
50.3 3.107 3.039 13.061 2.637 11.338 1.15 
(7300) (451) (26.9) (115.6) (23.34) (100.347) 
EW18 6.4 
50.16 3.107 1.808 11.536 1.94 12.415 





0.97 (6450) (415) (116.0) (119.19) 
TABLE 8.14 	Comparison of Khalil's Results - Series EW (Eccentrically Prestressed Beams with Stirrups) 
M(expt.) 
Concrete Ultimate moments kN.m(kips.in) M(theor.) 
M b Strength Beam - 

















5.4 4.282 6.157 4.864 




4.915 8.293 5.189 8.77 0.95 (7800) (43.5) (73.4) (45.93) (77.62) 
U6 2.58 
53.4 0.0327 3.988 10.293 5.423 13.992 0.74 (7750) (4.75) (35.3) (91.1) (48.00) (123.84) 
U 2 3.48 
54.78 0.0331 3.40 11.84 4.221 14.688 0.81 (7950) (4.81) (30.1) (104.8) (37.36) (130.00) 
U5 4.33 
50.16 0.0318 2.915 12.632 3.575 15.479 
0.82 (7280) (4.61) (25.80) (111.8) (31.64) (137.00) 
U3 5.13 50.99 0.0320 2.802 14.36 3.04 15.603 0.92 (7400) (4.65) (24.8) (127.1) (26.92) (138.1) 





0.94 (8750) (152.2) (162.73) 
TABLE 	8.15 Comparison of Khalil's Results - Series U (Uniformly Prestressed Beams) 
Mt(expt.) 








F c c 
E x106 








(8900) (47.71) (5399) 
E 11 0.8 49.61 
- 
5.514 4.384 5.552 4.44 0.99 
(7200) (48.8) (38.8) (49.14) (39.31) 
E 1 1.75 
57.88 
- 
5.988 10.53 5.943 10.4 1.01 
(8400) (53.00) (93.2) (52.6) (92.05) 
E 13 2.66 
46.3 
- 
4.576 12.18 4.62 12.28 
0.99 
(6720) (40.5) (107.8) (40.86) (108.69) 
E2 
58.57 0.0343 4.214 15.05 4.81 17.174 
0.88 
(8500) (4.98) (37.3) (133.2) (42.58) (152.0) 
E 15 4.4 
46.3 0.0305 3.57 15.705 4.14 18.213 
0.86 (6720) (4.43) (31.6) (139.0) (36.64) (161.2) 
E 3 5.23 
57.19 0.0339 3.231 16.89 3.866 20.224 0.84 
(8300) (4.92) (28.6) (149.5) (34.22) (179.0) 
E4 6.91 
57.88 0.0341 2.746 18.98 3.03 20.94 0.91 
(8400) (4.95) (24.3) (168.0) (26.82) (185.32) 
8.35 55.12 0.0333 2.226 18.586 2.504 20.91 0.89 (8000) (4.83) (19.7) (164.5) (22.16) (185.06) 
TABLE 	8.16 Comparison of Khalil's Results - Series E ( Eccentrically Prestressed Beams) 
M t (expt.) 
Concrete Ultimate moments kN.m(kips.in) 
M(theor.) 
Strength  
Experimental Theoretical M N/mm2 	(p.s.i) 
or 
Beam Mb(eXpt.) - 
F E x106 M Mb M Mb Mb(theor.) t 
E 10 8.50 46.3 0.0305 2.395 20.382 
2.322 19.738 1.03 
(6720) (4.43) (21.2) (180.4) (20.55) (174.7) 
9.89 59.12 0.0345 2.339 23.105 
2.184 21.596 1.07 E 6 
(8580) (5.00) (20.7) (204.5) (19.33) (191.139) 
E7 11.14 
55.46 0.0333 1.977 22.02 1.91 21.271 1.04 
(8050) (4.84) (17.5) (194.9) (16.9) (188.266) 
E8 12.72 
56.84 0.0338 1.751 22.28 1.69 21.553 1.03 








(8570) (226.0) (218.0) 
TABLE 	8.17 	Comparison of Khalil's Results - Series E (Eccentrically Prestressed Beams) 
Concrete Ultimate moments kN.m (kips.in) 






diam. s Mb(expt.) 






M Mb M t 
M 
Mb(theor.) (in) (in) 
EWT1 0 
6.35 101.6 50.64 3.128 5.694 6.573 
- 0.87 
(.25) (4) (7350) (454) - (50.4) - (58.18) 
EW1 0.8 
6.35 101.6 46.51 2.949 
- 
6.214 5.017 6.378 5.102 
0.97 
(.25) (4) (6750) (428) (55.0) (44.4) (56.45) (45.16) 
EW2 1.758 
6.35 101.6 46.85 2.97 
- 
5.988 10.53 6.053 10.64 
0.99 
(.25) (4) (6800) (431) (53.0) (93.2) (53.57) (94.18) 
EW3 2.66 
6.35 101.6 45.47 2.91 0.0302 4.576 12.18 5.62 14.95 
0.81 
(.25) (4) (6600) (422) (4.39) (40.5) (107.8) (49.75) (132.35) 
EW4 3.526 
6.35 101.6 46.30 2.94 0.0305 4.576 16.134 4.544 16.02 
1.01 
(.25) (4) (6720) (427) (4.43) (40.5) (142.8) (40.22) (141.8) 
Elk/S 4.49 
6.35 101.6 48.57 3.045 0.0312 4.158 18.676 4.191 18.818 
0.99 
(.25) (4) (7050) (442) (4.53) (36.8) (165.3) (37.09) (166.55) 
EW6 5.325 
6.35 101.6 47.54 3.00 0.0309 3.502 18.654 3.594 19.14 
0.97 
(.25) (4) (6900) (436) (4.49) (31.0) (165.1) (31.81) (169.409) 
EW8 7.08 
6.35 101.6 53.05 3.225 0.0327 3.277 23.207 2.888 20.447 
1.13 
(.25) (4) (7700) (458) (4.74) (29.0) (205.4) (25.56) (180.97) 
EWT2 0 
6.35 63.5 47.2 2.98 6.192 7.01 
0.88 
(.25) (2.5) (6850) (433) (54.8) - (62.02) - 
Elk/il 0.792 
6.35 63.5 44.79 2.88 6.915 5.48 6.901 5.466 
1.00 
(.25) (2.5) (6500) (418) - (61.2) (48.5) (61.08) (48.38) 
TABLE 	8.18 	Comparison of Khalil's Results - Series EW (Eccentrically Prestressed Beams with Stirrups) 




____________________ ______________________ Mt (theor.) 
Experimental Theoretical Beam 
Mb  N/mm2 	(p.s.i) or ______ ______ ________  
diam. s Mb(expt.) 





M t M b 
M t  M1 Mb(theor.) (in) (in) 
EW12 1.81 6.36 63.5 48.23 3.025 6.564 11.91 16.989 12.65 0.94 (.25) (2.5) (7000) (439) - (58.10) (105.4) (61.86) (111.97) 
EW13 2.694 6.35 63.5 48.92 3.052 0.0313 5.762 15.524 5.736 15.454 1.00 (.25) (2.5) (7100) (443) (4.55) (51.0) (137.4) (50.77) (136.78) 
EW1S 4.512 6.35 63.5 50.3 3.107 0.0318 4.406 19.885 4.227 19.072 1.04 
(.25) (2.5) (7300) (451) (4.61) (39.0) (176.0) (37.41) (168.8) 
E1118 7.058 6.35 63.5 50.16 3.107 0.0318 3.13 22.09 2.842 20.05 1.10 (.25) (2.5) (7280) (451) (4.61) (27.7) (195.5) (25.15) (177.486) 
EWB 6.35 63.5 44.44 2.859 - - 26.325 - 
23.769 
1.11 
(.25) (2.5) (6450) (415) (233.0) (210.37) 
Table 	8.19 Comparison of Khalil's Results - Series EW (Eccentrically Prestressed Beams with Stirrups) 
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comparison of the experimental results of Khalil 32 with the author's 
theoretical results. 	As can be seen the theoretical results compare 
favourably with the experimental results for all three series of beams. 
Here again the theoretical cracking moments are in most cases smaller 
than the experimental cracking moments, possibly due to the same reason 
as given for the author's tests. 	No particular trend for correlation 
of experimental and theoretical ultimate moments is evident. 
Table 8.20 shows the correlation of the experimental results of 
Reynolds 5 with the author's theoretical results for these tests. 	In 
this case the theoretical results are in good agreement with experimental 
results, but, in all cases the theory slightly overestimates the ultimate 
strength. 
Tables 8.21, 8.22 and 8.23 show comparisons of the experimental 
results of Mohammed 52 , El Neima 53 and Swamy55 ' 56 for hollow prestressed 
beams with the results obtained from the proposed theory. In general 
the theoretical and experimental results compare quite satisfactorily. 
However, the predicted ultimate moments in most cases are higher than 
the experimental ones. 
d91mni (3.6in) 
b64mm (2. Sin) 
d161 or 64(2.4 or 2.5in) 
lb 
f 	12.4 N/mm 2 (1800 	S) 
P 0.8 F 
C 	C 
Concrete Strength U1tiniat 	mocnts t(x1)t 




Mt Mb Mt Mb F f t 
E x1O 6 1b(t 01 C C 
No.1 1.22 
44.10 3.17 55.36 67.79 61.46 75.02 
0.90 (6400) (460) - (4.9) (6.00) (5.44) (6.64) 
No.2 1.22 44.10 3.17 55.36 67.79 61.46 75.02 0.90 (6400) (460) - (4.9) (6.00) (5.44) (6.64) 
No.3 1.66 44.10 3.17 49.15 81.35 61.46 102.03 0.80 (6400) (460) - (4.35) (7.20) (5.44) (9.03) 
No.4 2.07 44.79 2.96 - 
48.02 99.43 57.85 119.76 0.83 (6500) (430) (4.25) (8.8) (5.12) (10.6) 
No.5 2.86 44.79 2.96 47.45 135.58 47.56 136.03 1.00 (6500) (430) - (4.2) (12.00) (4.21) (12.04) 
No.6 3.77 44.79 2.96 0.0149 39.54 149.14 43.5 163.83 0.91 (6500) (430) (2.16) (3.5) (13.20) (3.85) (14.50) 
No.7 3.75 46.16 3.24 0.0151 40.67 152.53 49.04 183.83 0.83 (6700) (470) (2.196) (3.6) (13.5) (4.34) (16.27) 
No.8 4.13 46.16 3.24 0.0151 42.37 175.13 48.58 200.66 0.87 (6700) (470) (2.196) (3.75) (15.5) (4.3) (17.76) 
No.9 4.14 46.16 3.24 0.0151 38.98 161.57 45.87 189.81 0.85 (6700) (470) (2.196) (3.45) (14.3) (4.06) (16.8) 
No.10 4.96 48.92 3.51 0.0156 38.98 193.2 41.01 203.37 0.95 (7100) (510) (2.26) (3.45) (17.10) (3.63) (18.0) 
No.11 5.89 
48.92 3.51 0.0156 31.64 186.42 35.59 209.81 0.89 (7100) (510) (2.26) (2.80) (16.5) (3.15) (18.57) 
No.12 6.67 48.92 3.51 0.0156 30.51 203.37 31.97 213.54 0.95 
(7100) (510) (2.26) (2.70) (18.00) (2.83) (18.9) 




TABLE 8.20 Comparison of Reynold's Results - Eccentrically Prestressed Beams 




Ultimate moments kN.m (kips.in ) M(theOr.) 
M Strength  or 
Experimental Theoretical Beam Mt N/mm 2 	(p.s.i) Mb(expt.) 
F E x106 Mt 1b M 1b Mb(theor.) C C 
HU0 0 
40.58 - 5.084 5.72 0.89 
(5890) (45.00) (50.63) - 
flU1 1 
49.40 4.935 4.935 6.25 6.25 0.79 (7170) - (43.68) (43.68) (55.32) (55.32) 
flU 2 2 
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HU 
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HUg 8 
52.09 0.0293 2.012 16.098 1.995 15.966 1.01 
(7560) (4.25) (17.81) (142.48) (17.66) (141.31) 
FlU 
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C M t Mb Mt Mb Mb(theor.) 
Eu 9 0 
55.84 6.971 8.081 
0.86 (8105) - (61.7) (71.53) - 
HU11 0.5 
55.81 8.847 4.423 8.070 4.036 
1.10 (8100) (78.3) (39.15) (71.43) (35.72) 
HUB 
49.95 7.129 7.129 7.685 7.685 
0.93 (7250) - (63.1) (63.1) (68.02) (68.02) 
flU7 2 
54.78 5.028 10.05 6.421 12.84 
0.78 (7950) - (44.5) (89.0) (56.83) (113.65) 
HU6 
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TABLE 	8.22 	Comparison of El Neima's Results - Series FlU (Prestressed hollow Beams) 
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E x10 6 
C 
M t Mb Mt Mb Mb(theor.) 
1 0 64.21 - 14.376 - 18.335 - 0.78 (9320) (127.24) (162.28) 
C15 0.5 
62.35 17.06 8.53 18.1 9.05 
0.94 (9050) - (151.0) (75.5) (160.19) (80.1) 
1 62.35 15.84 15.84 16.2 16.197 0.98 (9050) - (140.2) (140.2) (143.36) (143.36) 
C2 2 
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1.15 (9530) - (124.00) (248.0) (108.06) (216.11) 
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63.32 0.0357 8.519 34.08 10.01 40.06 
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From the experimental and theoretical results of the present 
investigation the following conclusions can be drawn: 
The failure of uniformly prestressed concrete beams under low 
ratios of bending moment to twisting moment is sudden and without 
ary sign of excessive deformation. 
The torsional load carrying capacity of uniformly prestressed 
concrete beams decreases with increase in 	ratio. 
In uniformly prestressed concrete beams under pure torsion or low 
q ratios the compression hinge may be formed either on one of the 
sides or on the top face, depending on 11 ratio. 
The angle of inclination of the crack depends on the ratio and 
the amount of prestress. 	The higher the amount of prestress the 
smaller the angle of crack. 
S. 	The failure of prestressed concrete beams under high ratios of 
bending moment to twisting moment is not sudden and is preceded 
by considerable deflection and rotation. 	In these beams failure 
is delayed after first cracking as the ratio of bending to torsion 
increases. 
After failure, unlike beams under low ratios, beams under high 
ratios are still able to carry a large proportion of the ultimate 
load. 
The failure of uniformly prestressed concrete beams becomes more 
violent and destructive with increase in the amount of prestress. 
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The ultimate strength of prestressed concrete beams is not 
influenced appreciably by a reduction in the stirrup spacing. 
The torsional stiffness of prestressed concrete beams is not 
affected substantially by the change in stirrup spacing. 
In uniformly prestressed concrete beams the introduction of 
stirrups or reduction in stirrup spacing makes the failure more 
progressive and less violent. 	As a result in the design of 
prestressed concrete beams it is adviseable to provide a nominal 
amount of transverse reinforcement. 
In eccentrically prestressed beams under pure torsion the 
compression hinge may form on the bottom face or on sides of 
the beam. 
Under lower ratios of bending to torsion the ultimate strength 
of a uniformly prestressed concrete beam is higher than that of 
an eccentrically prestressed concrete beam with a similar cross-
section and average prestress under the same 4,  ratio, 	The 
reverse is true for beams under higher ratios. 	So in the design 
of prestressed concrete beams under combined loading it is 
adviseable to use uniform prestress for beams under low 4, ratios 
and eccentric prestress for beams under high ratios. 
For beams under low 4, ratios, the ratio of the ultimate torsional 
moment of a beam to that of a similar beam under pure torsion 
increases with increase in the prestressing stress. 
The torsional stiffness of a prestressed concrete beam before 
cracking is not influenced substantially by the presence of 
flexure. 
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The torsional stiffness of a prestressed Concrete beam before 
cracking is not affected appreciably by the amount of prestressing 
stress. 
The total rotation of an eccentrically prestressed concrete beam 
is larger than that of a uniformly prestressed beam with the 
same average prestress and under equal bending to torsion ratio. 
Unlike plain concrete beams the total rotation of prestressed 
concrete beams increases with increase in bending to torsion 
ratio. 
vie- ,) ('6Ie 
Torsion has 	effect on the longitudinal compressive strain at 
the top face of the beam. 
For the two beams subjected to a bending moment larger than their 
cracking bending moments, the beam with the lower bending to 
torsion ratio exhibited a larger strain in the bottom prestressing 
wires. 
Transverse reinforcement has no effect on the cracking moments of 
prestressed concrete beams. 
Dowel forces have a significant effect on the load carrying 
capacity of prestressed concrete beams under high ratio. 
The ultimate strength of prestressed concrete beams can be predicted 
fairly accurately by using the theory proposed in this thesis. 
9.1 	RECOMMENDATIONS FOR FUTURE RESEARCH 
The results of this investigation indicate that further research 
is needed to study the following: 
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The effect of combined bending, torsion and shear on the behaviour 
and ultimate strength of prestressed concrete beams and further 
development of the proposed theory for these beams. 
The effect of combined bending, torsion and shear on the bond 
slip factor. 
A study of the effect of prestressing in two directions on the 
ultimate strength of beams under combined bending and torsion. 
An investigation of the effect of repeated combined loading on 
the behaviour and ultimate strength of prestressed concrete 
members. 
A study of the effect of bond between the prestressing wires and 
the concrete on the behaviour and ultimate strength of prestressed 
concrete members under combined loading. 
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APPENDIX A 
WORKED EXAMPLE ON THE PROPOSED METHOD OF BALANCED 
DESIGN FOR PRESTRESSED CONCRETE BEAMS UNDER 
COMBINED BENDING AND TORSION 
Determine the area of prestressing wires at the bottom and 
middle of the cross-section and the initial prestressing stress in 
these wires to achieve a balanced design for an unbonded prestressed 
concrete beam 120 mm wide by 200 mm deep under bending and torsional 
moments of 20.4 and 2.4 kNm respectively. 	The position of the pre- 
stressing wires and the initial stress destribution in the cross- 
section is shown in the diagram below. 	The properties of the pre- 







= 46.3 N/mm2 
ft = 2.94 N/mm2 
f 46.3x0.837.04 N/mm2 
= 0.305-10 5 N/mm2 L N 20 : 4 8 5 sP E = 0.204-106 N/mm2 E = 0.255x106 N/mm2 
prb 	 F = 0.4 
pmy = 
1500 N/mm2 
d 3 = 100 mm 





d 1 = 175 mm 
f 	=? 
Pi 
A 	=? pb 
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For balanced design the prestressing steel at the bottom and middle 
of the cross-section must reach yield at failure; i.e. f = f pby andpb 
f =f 
pm 	pmy 
From Eq. (5.26.a) 
(1) 	1500 = f 	
+ 175-n• 
	• 0.4 	0.204x106 
P1 fl 
(2) 	1500 = f 	
100-n + 	• 	. 0.4 . 0.255.106  
P2 n 
Referring to the above diagram and considering the equilibrium of moments 
and forces in the cross-section when there is no external load the 
following equations can be obtained 
(3) 	A 	f 	+ A 	£ 	= 120x200xf ph P1 pm P2 prb 
(4) 	Apbfpl xl 7 S + Apmfp2 xlOO = l 20 X 200Xfprb )< X 200 
From Eqs. (1) and (2) 
f 	= 1500n-14.28xxl0 6 +0.0816xnxxlO6 
Pi fl 
f 	
= l500fl-l0.2xxlQ 6 +0.102xlO 6 xx 
P2 
From Eqs. (3) and (4) 
A 	£ 	= 6666.66 £ 
PM P2 prb 
A 	£ 	= 5333.33 f ph p1 prb 
and 
	
6666.66.f 	.n - 6666.66 	 prb (5) 	A  
pmf 	prb 
P2 1500n-l0.2.ExlO 6 +0. l02xnxxl06 
(6) 	A 	
5333.33 	 prb 
P1 	
5333.33 f 	.n 
- 
ph - 	f 
prb = lSO0n_l4.28xExl06+Q.O816.n.xlO6 
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Solution by iteration 
a. 	Assume f pr b = 15,3 N/mm2 
From Eq. (5.53) 
cot Y = 	 8.52+1+15.3 _ 8.5 = 0.357 
sin y = 0.9417 
cos y = 0.3366 
sin 2y 0.633 
cos 2'= -0.7734 
Assume e = 10010 	then f = cE c = 30.5 N/mm 2 
2x2. 94 
cr = 37.04 - 0.398 = 22.266 N/mm 2 
so £ > 	and from Eqs. (5.44) and (5.45) 
f = 30.5x0.9417 2 +0.633/0.12 . 30.5 . 37.04-0.16 . 30.5 2+0.04 37.04 2 
= 31.13 N/mm 2 
- 	30.5 
T = 2 • 0.633 - 0.7734 / 	= 4.66 N/nun2 
From Eqs. (5) and (6) above 
A-  101999.89xn 
pm - 1602.n-10200 
A- 
 81599.95xn 
pb - 1581.6.n-14280 
Substituting A 
pb 	pm 
and A 	in Eq. (5.68) gives 
nx120 (2 





n = 71.97 mm 
Apm 	 pb 
69.81 mm 2 	A 	= 58.99 mm 2 
From Eqs. (5.74) and (5.75) 
Mb = l500x58.99(175_0.375x71,97) + 1500x69.81(100_26.99) 
Mb = 20.74 kN.m > 20.4 kN.m 
Mt = [(1500x58.99+1500x69.81)0.357 - 1x4.66x120x71.97](175+100 - 
0.94172 	2 	
26.99) 
Mt = 2.606 kN.m > 2.4 kN.m 
Since both of the calculated values of Mb  and If are larger than the 
corresponding design values, the amount of prestress in the concrete must 
be reduced in order to balance the calculated and design moments (although 
the value of c was chosen arbitrary it is obvious that changing the value 
of c will not result in balancing the values of the calculated and design 
moments, since a change in the value of c in either direction will result 
in an increase of either the calculated bending or torsional moments). 
b. 	Assume fprb = 15.00 N/mm2 
cot y = 0.3517 
sin 2y 0.6259 
and 	c = lQOxlO 
sin y = 0.943 
cos y = 0.3318 
£ = 30.5 N/mm2 cos2y = -0.779 
T = 
A = pb 









n = 70.729 
A = pb 	57.99 mm 
Mb = 20.477 
Mt = 2.628 
A 	=68.6mm2 pm 
kN.m > 20.4 kN.m 
kN.m > 2.4 kN.m 
The value of the prestress still has to be reduced 
C. 	Assume fprb  = 14.9 N/mm2 	
and 	e = i00xi0 
cot y = 0.3497 	 sin y = 0.9439 
cos y = 0.3301 	 sin 2y 0.6232 
cos 2y= -0.782 	 f 	= 30.5 N/mm2 
f 	= 31.193 N/mm 2 T 	= 4.46 N/mni 2 




n = 70.33 mm 
	
A pb = 57.60 mm2 
A 	= 68.15 mm2 pm 
Mb = 20.368 kN.m < 20.4 kN.m 
Mt = 2.635 kN.m 	> 24 kN.m 
As the calculated value of M,0 is smaller than the design value of 
Mb increase the value of 	(without changing the prestress) to balance the 
calculated and design torsional moments 
d. 	Assume fprb  = 14.9 N/mm 2 and c = 101,5x10 
cot - = 0.3497 	 sin y = 0.9439 
cos y = 0.3301 	 sin 2y 0.6232 
cos 2y= -0.782 
f 	= 31.48 N/mm2 
A 	- 	99333.23n 
pm - 1603.53n-10353 
A- 	79466.62n pb - 1582.82n-14494.2 
n = 69.58 mm 
£ = 30.96 N/mm2 
T 	= 4.756 N/mm 2 
149 
Ab = 57.82 mm 2 
	
Apm = 68.26 mm2 
Mb = 20.48 	kNm > 20.4 kN.m 
Mt = 2.4 	kN.m = Mt design = 2.4 kN.m 
Now the value of the calculated M and design Mt  are equal and the value 
of the calculated Mb  is slightly larger than the design Mb. 	This indicates 
that the value of f
prb  still has to be reduced slightly. 	But, because 
a small reduction in the value of £ pr b will result in an insignificant 
reduction of A and A 	(compare A and A 	for £ 	= 14.9 with A pb 	pm pb 	pm prb pb 
and A 
pm 	prb 
for £ = 15.3) the iteration can be stopped at this stage. 
So for balanced design £ prb = 14.9 N/Trim2 , A pm = 68.26 mm 2 and A pb = 57.82 
mm2 . 	By substituting the value of £ 	in Eqs. (5) and (6) £ 	and f prb Pi P2 
can be found as 
5333.33xl49 = 1374.38 N/mm 2 = 	57.82 
£ = 
P2 	
145526 N/mm 2 
Substituting the values of £ 
prb pm pb Pi 	P2 
, A , A , f , £ found above in 
the ultimate strength equations for eccentrically prestressed concrete 
beams, the values of the torsional and bending moments and stress in 
the prestressing wires at failure can be found as 
ISO 
Mb = 20.478 	kN,m 	> 20,4 kN.m 
Mt = 2,409 kN.m 	> 2,40 kN,m 
1498.18 N/mm 2 < 1500 N/mm2 
1499.81 N/mm 2 < 1500 N/mm2 
It can be seen that both the ultimate bending and torsional moments 
of the beam are slightly larger than the corresponding design values 
and both of the prestressing wires almost reach to their yield points 
at failure. 	So the values of £ 
prb Pi 	P2 
, £ , f , A ph 
	pm 
and A 	found above 
are the correct values for the balanced design of the given section. 
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APPENDIX 	B 
ULTIMATE STRENGTH OF PLAIN CONCRETE BEAMS 
UNDER COMBINED BENDING AND TORSION 
The failure of plain concrete beams under combined bending and 
torsion occurs on the appearance of the first crack therefore, the 
cracking moment is also the ultimate moment. 	Ultimate moments of 
these beams can be found by substituting 
fprb0  in equations for 
cracking moments of prestressed concrete beams. 
Example of calculation for ultimate moment 
Beam B 
= 10 	 F c = 48.68 N/mm2 
3/ 




= 	3.05 N/mm 2 
in Eq. (5.25) 
N = lOOxO.208 2 x 3.05 x 102 	1400 3190.0 
R = 0 + 3.05 = 3.05 N/mm 2 
= -4200 9570 + /1.76xlO 15 + 4.53x10 3 = 536026.0 N.mm 
N1 bp= 53.6 kN.mx102 	1tp = 5.36 kN.mx10 2 
M (expt.)bp 	 = 54.0 
= 1.01 
bp 
M (tlieor.) 	53.6 
